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A PROPERTY OF SIMPLY TRANSITIVE GROUPS 


By G. TEMPLE (Ozford) 
[Received March 1960] 


1. Transitive transformation groups 

A CONTINUOUS transformation group is specified in terms of an open 
set of points V in the m-dimensional euclidean space of the variables 
& = (21, Xp,...,X,,), and of an open set of points P in the n-dimensional 
euclidean space of the parameters a = (a,,d9,...,@,). We consider a set 


of transformations a—>y:y =f(x;a), (1) 


each one of which is specified by a point a of P and maps the region 
V on to itself. We require this set of transformations to form a group 
G but we do not assume the functions f to be analytic or even 
differentiable. 

If the group G is simply transitive, then there is a unique transforma- 
tion, specified by a point b of P, which carries a prescribed point z of 
V into another prescribed point w of V, so that 


w = f(z; 6). 
This implies that the dimensions of V and P are the same, i.e. that 


m= n. 


2. Canonical parameters 

The discussion of transitive transformation groups is simplified if we 
introduce a certain canonical set of parameters as follows. Let w be 
any arbitrary point of V, fixed once and for all. Then to any point a 
of P there corresponds a unique point a of V such that 

a = f(w; a). 

Also, since the group is simply transitive, the point a of P is uniquely 
determined by a (and w). The coordinates (a,, a ,...,%,) of « are the 
‘canonical’ parameters of the group G (for the base point w). 

To express the transformations of G in terms of the canonical para- 
meters we eliminate the coordinates of a between the equations 


y=f(z;a), «=f(w;a), (2) 
thus obtaining the transformations 
y = f(x; 4). (2)’ 


Quart. J. Math. Oxford (2), 12 (1961), 161-4. 
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162 G. TEMPLE 

These transformations (2)’ form a continuous transitive group H (iso- 
morphic with G@), for which the variables z and the parameters a belong 
to the same open set of points. 


3. The base point as variable and as parameter 
Put 2 = w in (2) and (2)’. Then 
y=f(w;a), a=flw,a), y= d(w;a). 
Hence a= y= $(w;«). (3) 
Thus the transformation specified by a canonical parameter « carries 
the base point w into the point «. 
Also, since the transformations (2)’ form a group, there is an identical 
transformation, with parameter c say, such that 
a=f(x;c), w=flw;c), «x= g(x). (4) 
Thus the transformation specified by the canonical parameter w is the 
identical transformation. 


4. The parameter groups of H 
The transformations of H form a group. Hence, if 


y= (x3), z= $(y;B), 


then there exists a parameter y such that 


z= $(z;y) 
and y is a function of a and 8. Now put x = w in the equations 
y = $(x;«), $(u;y) =z = Ply; 8). (5) 
Then y = ¢(w;2) =a, by (3), 
and $(y;B) = d(w;y) = y, by (8). 
Hence y = (a; B). (6) 
We can now prove our main theorem: The set of transformations H* 
y = $(a; 2) 


(obtained by interchanging the variables and parameters in the trans- 
formation y = ¢(x;«) of H) also form a group. 

For, if we write x = p, a = A, and B = é in equations (5) and (6), 
sean H{2; (a, B)} = P{ plas «); B}, 
we obtain P{u; H(A; £)} = P{h(u; A); §}. 
Hence, the product of two transformations of H*, 


n = $(A; €), E = $(u; 9) 











A PROPERTY OF SIMPLY TRANSITIVE GROUPS 163 
with parameters A and y, is the transformation 
E = H{us GAs £)} = b{6(H5 A); £} = (v5 €), 

where v = ¢(y;A), 
i.e. another transformation of H* with parameter v. Similarly, the 
inverse of any transformation of H* exists and belongs to H*. Also, 
7“ § = d(wié), 
so that the transformation with parameter w furnishes the identical 
transformation in H*. 

Hence the set of transformations H* forms a group, which is clearly 
simply transitive, and which might be called the ‘transpose’ of H. 

This result was obtained by E. Vessiot (1) in the course of a study 


of non-linear differential equations, by examining the differential 
equations satisfied by the functions f(z; a) of (1). 


5. Illustrations 

(1) A simple example, suggested by Professor G. Higman, is provided 
ty Coane ¥, = 4%, Y2 = 4% +A, 
where the variables and parameters lie in the open sets 

x, > 9, y¥, > 9, a, > 0. 

The parameters a@,, a, are canonical for the base point (1,0). The trans- 
saci titi ¥1 = 4%, Yo = MX, +2p. 

(2) If G is the direct product of rotations and magnifications in a 
plane, then 


Y, = 4,(x, COS A,—27_ 8iN Ay), Yq = 4,(x, 8iN Ag+, COS dy). 
The canonical parameters for the base point (1,0) are given by 
bia, = a, eX, 
and the group H is given by 
YWrtty, = (%-tag)(x 129), 

and is identical with its transpose H*. 

(3) In the group 

Y¥, = %4+a,e™, Y2 = Tq+4, 

the parameters a,, a, are canonical for the base point (0,0), and the 
transposed group is 


yy, = 16+), Yo = Ty. 


ao cal a tiene sit ere cesmaean se 








164 A PROPERTY OF SIMPLY TRANSITIVE GROUPS 
(4) If y = 2,(t) (k = 1,2,3) are any three solutions of a Riccati 
equation of the form 
d 
FE = Pit)+Qdy+ ROY, 
then, in general, any other solution y = 2(t) of this equation is given 


by the formula i iil 
3-2 1 — a constant. 
L—X, Lo—Ay 





Hence the set of transformations 
Ye—*3 _ gq *2—*8 (k = 1,2,3) 
Yu—% Ug—%, 
forms a group. The canonical parameters (a, «2, 3) for the base point 
(w , Wg, ws) are given by 
a, aM 


== acme 9 
Xp, — Wy We—W, 


Ly > Yer 


whence the equations of the group H are 


Yr—%z  Xp— Wg Wo—W Tg—Xe 





a > 
Yr—X%y Ap — Wy Wo— We Te—X, 


and the transposed group H* is 





SS... aS 3 SS 
Ye—% — y— Oy Wa— Wg T,— 
which is clearly the direct product of three one-dimensional projective 
groups. 
[This paper was written in the course of research sponsored by the Office of 
Ordnance Research, U.S. Army.] 
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FOURIER TRANSFORMATION OF THE 
n-DIMENSIONAL RADIAL DELTA 
FUNCTION 


By 8. VEMBU (Madras) 
[Received 7 September 1960] 


1. Introduction 

TuHIs paper is concerned with the Fourier transform of an ‘n-dimen- 
sional’ delta function, i.e. of the function 5(|r|?—/?), which has a non- 
zero value only on the surface of a hypersphere of radius /. The Fourier 
transform is shown to be connected with the Bessel function J,,,_»(2), 
where v is the dimension of the hyperspace. This Fourier transform is 
also found to be closely related to the Fourier transform of a sphere of 
uniform density in a space of dimension n—2. Some particular results 
have also been worked out for n = 1, 2, 3, 4. (Here |r| is the magni- 
tude of an n-vector which is also equal to r, the radial component of the 
spherical polar coordinates representing the terminus of the n-vector.) 


2. Normalization of the delta function 

The delta function can be normalized by taking its integral over the 
whole of the n-dimensional space to be unity. The normalization 
constant K is therefore given by the equation 


K{ Pm | 8(|r|2—I2) dr = 1. (2.1) 


The volume element of an n-dimensional space is given in terms of 
spherical polar coordinates by 
dr = r™-!sin"~*6 sin" —34, ... sind, drd0dq, ...dd,,_-», (2.2) 
where @, ¢,,..., 6,-3 are half-turn angles with the range (0,7), while 
¢,-» is a full-turn angle with integration limits (0, 27). 
Since 8(|r|?—/?) = 8(r?—I?) is a function only of r, the integral in 
equation (2.1) is 


- 27 
| r”-1§( |r |2—[?) dr | sin”-?6 d0 | sin", dg... | dp,» (2.3) 
0 0 . 


0 


The integral over the ¢ can be shown to be given by 
C($) = 2nint/T(4n—}4) (2.4) 


Quart. J. Math. Oxford (2), 12 (1961), 165-8. 
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166 Ss. VEMBU 


and, including the integral over 0, the value is 
8, = O(9) | sin"-6 d0 = 2ni"/T'(4n). (2.5) 
0 
Thus we obtain from equation (2.1) 
K = ['($n)/ninl-2, (2.6) 


3. The Fourier transform of the normalized delta function 
We define the Fourier transform of a function f(r) as 


¢(a) = ‘i | f(r)exp(2mir.a) dr, (3.1) 


where a is again a vector in an n-dimensional space (the so-called Fourier 
or reciprocal space). For the 5-function this becomes 


K f fod 8(r2—I2)exp(2ziar cos 6) dr. (3.2) 


Integrating over the azimuthal angles 4,,...,¢,. and r we get the 
transform as 


{}K1"-2C(4)} { exp(2zial cos @)sin"-?6 dé. (3.3) 
Substituting for K and tial we have 
{1'(4n)/va T'(4n—}4)} { exp(2nial cos 6)sin"-*6 dé, (3.4) 
which further reduces to 
{2T(4n)/va T'(4n—4)} { cos(2mad cos 6)sin"-*6 dé. (3.5) 
Now the Bessel function of wails is defined by the integral 
Je) = {2(42)"/vr T'(v+4)} [cos cos «)sin®”a da. (3.6) 
0 


Using this, we reduce the expression (3.5) for the Fourier transform of the 
delta function to gin-1J,_.(Qmad)/(2mal)"-1, (3.7) 


4. Fourier transform of a normalized sphere 
The function f(r) describing a sphere of uniform density is given by 
f(t)=p (irl <) 


(4.1) 
f(r) =9 (|r| >) 
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The normalization condition is 


f f(r)dr = 1, 
1 
which gives pS, rl dr = 2prt"1"/nT'(4n) = 1, (4.2) 
i) 
so that = I'(4n+1)/(a/?)**". (4.3) 
The Fourier transform of this sphere is 
l 7 
p | 1 dr Cid) i} exp(2zicr cos 6)sin"-20 dé (4.4) 
tr) fr) 
t iv 
= 2pC(¢) | r-1 dr i} cos(2zrar cos @)sin"-6 dé (4.5) 
0 0 
= 27 I"pJ,,,(2rral)/(27al)*. (4.6) 
Substituting for p from (4.3) we have the Fourier transform in the form 
2*"T'(4n+-1)J;,(27al)/(2ral). (4.7) 
5. Results 


Equations (3.7) and (4.7) can be written in a slightly more elegant 
form by making the substitutions 


x = 2mal, p= 4tn-1, I'(4n) = p! (5.1) 
Then the normalized delta function takes the form 
p\8(r?—P)/m(al?)?, (5.2) 
and its Fourier transform is (1) 
{2?p! J,,(x)/a?} = A,(z). (5.3) 
Similarly the density p of the normalized sphere becomes 
p = (p+1)!/(nl?)?*, (5.4) 
and its Fourier transform is 
{2°41(p-+1)! Jp 4a()/2 43} = Ay s(2). (5.5) 


It is very interesting to note that the radial part of the Fourier trans- 
form of the normalized delta function in m dimensions is identical with 
the Fourier transform of the normalized uniform sphere in n—2 dimen- 
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sions. This will be clear from the particular cases of n = 1, 2, 3, 4, for 
which the Fourier transforms are as follows: 





Fourier transform of 














n Delta function Uniform sphere 
1 cos(2zral) sin(27ral)/27ral 
2 Jo(27ral) 2S, (22ral) /2zral 
3 sin(2zral)/2zral 3{sin(27ral)/(27ral)? — 
— cos(2zral)/(27ral)?} 
4 2S, (2tral)/2ral 8J,(27ral)/27ral 





The results for m = 1, 2, 3 are known and used in diffraction theory. 
Because of the property of Bessel functions of half-odd integers, the 
Fourier transforms of delta functions are expressible in terms of trigono- 
metric functions for odd values of m and similarly of uniform spheres, 
for even values of n. The extension to an n-dimensional sphere or 
spherical shell whose density is a function of r only is obvious. 

The author expresses his indebtedness to Professor G. N. Rama- 
chandran for suggesting this problem and for the lively discussion of 


this subject. 


1945). 
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SPIN REPRESENTATION OF A DIRECT SUM 
AND A DIRECT PRODUCT (IT) 


By A. O. MORRIS (Aberystwyth) 
[Received 22 October 1960] 


Introduction 

THE spin representation of the rotation group gives a new group, known 
as the covering group (2), which is isomorphic to the rotation group, 
such that two elements of the covering group correspond to one element 
of the rotation group. In §1 it is shown that, whereas the covering 
group of the rotation group is uniquely defined, when the results are 
extended to the full orthogonal group, there exist two such covering 
groups. In (4) the spin character of the direct sum and direct product 
of two orthogonal matrices of positive determinant were shown to be 
expressible in terms of the characters (ordinary and spin) of the two 
matrices. In § 2 and § 3, these results are extended to include orthogonal 
matrices of negative determinant. 


1. A set of matrices M, (r = 1, 2,...,n = 2v) of degree 2” can be found 
which satisfy the relations (1, 2, 3) 

Mi=E 

M,M, = —M,M, (r #s)) 

These matrices are shown to generate a group of order 2”+!, the 

matrices forming a representation of degree 2” of the group. If A = [ay] 
is an n-rowed orthogonal matrix, then the quantities 

M,, = > 4,,M, 
also satisfy the relations (1.1). Thus the 2v quantities M’, also generate 


a representation of degree 2” of the group. Since these two representa- 
tions of the group must be equivalent, a matrix 7(A) must exist such 


that M’ = T(A)"M, T(A). 

The set of matrices 7(A) form a representation of degree 2” of the 
orthogonal group of degree n = 2v and are unique except for a scalar 
factor A. This scalar factor may be restricted to have the value +1, 
and hence we have a two-valued matrix representation + 7'(A) of degree 
2” of the orthogonal group. This is known as the spin representation of 
the orthogonal group. 


Quart. J. Math. Oxford (2), 12 (1961), 169-76. 


(1.1) 











170 A. O. MORRIS 


A minor modification in the argument shows that the group of 
matrices + 7'(A) also form a spin representation of the orthogonal group 
of degree n = 2v+1. 

Any real orthogonal matrix can be replaced by its equivalent complex 
diagonal form, which must take one of the four forms 


A, = diag(e, e-1%,..., et, ¢—i), (1.21) 
A, = diag(1, —1, e%, e-*,,.,, ¢r-1, ¢—iv-1), (1.22) 
A, = diag(1, e#, e-#,,,., et», ¢-i0v) (1.23) 
A, = diag(—1, e%:, e-#1,,.. iO, e—i0v) (1.24) 


If ¢(A) denotes the basic spin character of A, i.e. the character of A in 
the representation defined by the 7(A), then the basic spin characters 
of these matrices are (1) 


(Ay) = (Ay) = TT (200844,), (1.31) 

{(As) = 0, (1.32) 

{(A,) = iu (2sin }6,). (1.33) 

Also, we have —_‘¢(A,) = TJ (2i sin 36,), (1.34) 
r=1 


where ¢’(A,) denotes the difference spin character of the matrix Ay. 

The group of matrices +7'(A) which form a spin representation of 
the orthogonal group of degree n is said to form a covering group of the 
orthogonal group. It is now shown that, whereas this covering group 
is uniquely defined for the rotation group, there are correspondingly 
two covering groups of the full orthogonal group. 

Let S denote any orthogonal matrix of positive determinant and 7 
any orthogonal matrix of negative determinant. Let the correspondence 


S- 8, —S; fof, —Ff 
give a basic spin representation of the full orthogonal group. 
We prove the theorem: 
THEOREM I. The correspondence 
S— 8, —S; T +iT, —iT 
gives an alternative spin representation of the full orthogonal group. 


The proof is evident. The product of two orthogonal matrices can 
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always be expressed in one of the four forms, 
8,8, =8;, 8,7,= 7%, T,S,= 1%, 1,7, = 4s. 
If a basic spin representation is given by 
S,>8%,—-8; %]>T%, —T, 
then substitution in these equations shows that the representation 
8, 8,, —8; T, > iT, —T, 


also gives a basic spin representation. 

The group generated by the matrices S, iT is a distinct group from 
the group generated by S, 7. Thus, if 7' satisfies 7? = J, then T 
must satisfy a minimal equation either 7? = I or T? = —J. Thus T 
will be a group element of order 2 or 4. But, if 7 is a group element 
of order 4, then i7' is a group element of order 2, and conversely. The 
group generated by S, 7 is called the first covering group, and the 
group generated by S, i7’ is called the second covering group. 

It is clear that in the development of Brauer and Wey] (3) there must 
have been at some point an implicit selection from two alternatives, and 
it is of interest to determine at which point this arises. For an odd- 
rowed matrix of negative determinant this is immediately apparent. 
They simply assign +2” as the basic spin character of the matrix 


n = diag{(—1)?”+4}, 


while from the above argument we see that +12” also give a basic spin 
character of H,. Here, we assign +7(27)” or +(27)” as the basic spin 
character of Z,,. This step will be justified in a future publication when 
the results of this paper are applied to the study of the spin representa- 
tion of the symmetric group. 

Thus the formula (1.33) is replaced by the two formulae 


((A,) = i TI (2isin 38,), (1.33)’ 
r=1 
t.(A,) = II (2i sin 46,). (1.33)" 


2. In a previous paper (4) a value was found for the basic spin 
character of the direct sum of two orthogonal matrices of positive 
determinant. In this section, orthogonal matrices of negative determi- 
nant are also considered. 

Since, by (1.32), the basic spin character of an even-rowed orthogonal 
matrix of negative determinant is zero, the only new combination which 
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need be considered is the direct sum of A, and A,. The following theorem 
is proved: 


THEOREM II. Jf 
A = diag(—1, e'?, e-‘1,..., etbu, e-idu), 
B = diag(e™, e-*,..., e%%, ¢-i), 
then 6,(A+B) = ¢,(A)¢’(B), (2.11) 
ont £,(A+4+B) = £,(A)e'(B), (2.12) 
where ¢'(B) is the basic difference spin character of B. 


The proof is immediate. By the formulae (1.33)’ and (1.34), we obtain 
that 


= § II (2¢ sin $¢4,), 
r=1 
and t'(B) = II (2i sin 46,), 
and t,(4+B) = iT] (2isin 4¢,) TT (2isin 36,). 
r= r=1 


Hence we have ¢,(A+ B) = ¢,(A)£’(B), proving (2.11). (2.12) is proved 
in the same way. 

The extension to the case of the direct sum of more than two ortho- 
gonal matrices of positive determinant is trivial. An interesting result 
is obtained when the direct sum contains an odd number of orthogonal 
matrices of negative determinant. The following theorem is proved: 


THEOREM III. (i) Jf A = $ A, denotes the direct sum of p = 24+1 
r=] 
orthogonal matrices of the form A,, then 
— 
,(4) = (2i# a ¢.(4,). (2.2) 
pta 


(i) If = $4,+ "D2, 


s8=p+l1 
denotes the direct sum of p = 2u+1 orthogonal matrices of the form A, 
and q orthogonal matrices of the form A,, then 


t.(A’) = (2i@ TT .(4,) TL CB), (2.3) 
r=1 8=p+1 


where « = 1 or 2. 


The theorem is proved by substituting formulae (1.33)’ or (1.33)” and 
(1.34) in these equations. 
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3. To simplify the enunciation, in addition to the matrices A,, A,, 
Ay, Ay, we define the set of matrices 
B, = diag(e*#:, e-*#,..., bu, e-idu) 
B, = diag(1, —1, e'4:, e-t,..,, etbu-1, e—idu-s) 
B, = diag(1, e*#, e-#,,.., etbu, e-idu) 
B, = diag(—1, e*4, e-t41,,.., e#bu, e-ibu) 


; (3.1) 


The basic spin characters of the direct products A, x B,, A, x B;, and 
A, B, have already been found (4). For the sake of completeness, 
these results are quoted in the enunciation of Theorem IV. Denote the 
characters of A,, A,, As, Ay by [A];, [Ah [Ahs, [Alig respectively, and 
the characters of B,, B,, B;, By by [A]o:, [A]oo; [A]os, [Alea respectively. 
In this paper primes are used to denote difference characters. 
As a preliminary, we consider two simple examples: 
(i) If A = diag(e*, e-) and B = diag(e¥, e-**) then 
¢'(A x B) = 4sin }(6-+4)sin 4(0—4) 
= 2cos¢—2 cos 8. (3.11) 
(ii) If A = diag(e”,e-) and B = diag(1, —1), then 
¢(A x B) = 4sin $6 cos $6 
= 2sin0@. (3.12) 
The following results, which are stated in the form of a theorem, are 
proved in a similar manner to Theorems II, III, and IV of (4). Hence 
full details of the proof will not be given. 
THEOREM IV. If A,, Ay, As, Ay, By, Bz, Bs, By are the orthogonal 
matrices defined in (1.2) and (3.1), then 
(i) (A, x By) = [J+ 
= > [v—A,, V—Ay_gyeees v—A,]o;[@,---5 Wy lip 
(ii) ¢'(A, x By) = [»*Ja+ 
a > (— 1)*{v—A,, V— Ay —ayeees v—A,]o:[@,---, wy hi, 
(iii) ¢(A,x By) = [((»—1)*Joof1’a + 
= > [v— 1—A peers v—1—A,]eo[1+,..., I+) 
(iv) (A, x By) = [(/—1) Jeol 1a + 
+ ¥(—1)”*—y—-1 —Aaysevey ¥—1—Aj Jool 1 +-,,---5 1+w,)i1, 
(v) (Asx By) = [(v+4)*Ja+ 
+ > [Vt d—Apseoes v+4—A,]Joi[o,.--, Wy]i3> 





ceubudhesttulablaceediediebemen nes eat ee 
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(vi) f(A, x By) = [(¥+4)4]a+ 
+ > (—1)**[v+4—A,,.. V+d—A, Jol ,,---) yaa 
(vii) €(A,x By) = [(+4)*]at+ 
+z [V+b—A, 0 P+E—Aj Jol,.--) Myhis, 
(viii) ¢’(A,x B,) = [(¥+3)]e+ 
+ > (= 1p d—Ay see VASA ]o1[@45---5 Oya» 
(ix) ¢(A,x By) = [((v+4)"]esl(4)”his+ 
+ DY [Pt d—Agses PAS—Ages[$ +01,-- $ +r] 3, 
(x) ¢(Aqx Bs) = [(v+4)]esl(4)"iat+ 
+ ¥ (—1)™[v+4—A,,.-.. v+4—Agegl$+01,-..$ +O] 4 
(xi) ¢(Agx By) = [(v+4)*]oal(4)"aat+ 
+2 [Vt —Aysees v+$—Aj Jogl$+1,--- $+] a 
where (w,,...,w,) 18 the partition conjugate to (Aj,...,A,,). 


The proofs of (i) and (ix) are given in (4) while, for the proof of (v), 
a slight adjustment in the argument of the proof of (4) Theorem III 
is needed. A summary only of the proofs of the remaining parts is given 
here. 


(ii) From (3.1), we have 


V, 


pe 
C'(A, x B,) = eB (2 cos ;—2 cos 8;) 


__ _|(2.cos g,)"~* | (2 cos 0,)"-*| 
~ |(2.cos g,)#-" || (2 cos 6,4 +”-*|” 
where s, denotes the rows 1, 2,..., 4; 8, denotes the rows w+1.,,..., w+v; 
s denotes the rows 1, 2,..., = ~+v; t denotes the columns 1, 2,..., y; 
and 7 the columns p+1, w+2,..., w+yv. 
Simplifying this determinant in the usual way, and taking the Laplace 
expansion of the numerator in terms of the first 1 columns, we see that 


CeCe +S (— 1)? |Cp-e Cn 








t'(A,; x B,) _ 


[C4-*| 08] 
where p, a,, b, are defined as in (4) 330, and 
Ci = 2cosrd, CP =1; Ct = 2cosr0,, C®=1. 
Thus, we prove 
0'(A, x By) = [J+ ¥ (— 1)™[v—A,,,.65 v—A, Jos[@ ,---5 @y a1 
where (w,...,w,) is the partition conjugate to (A,,..., A). 
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(iii) From (3.12), we have 
v1 v ; 
¢(A, x B,) = a (2.008 4,+2c086;) I] (2sin @;) 


\Cp-* (—1)—"02-+ 
= FoF (mayors HL sind 


where n = »+v—1. Multiply the numerator and denominator by 





B 
[I (2sin¢,); then we prove that 
i=1 


| Sp-e+1 (— ip-ae-* 
[SP-*+4I(—1)"-*C—| 


= [(v—1)" Jeol 1a + 
+> [»—1—A,,,..., v—1—A,]Jeo[ 1+ ,..., 1+ ,]h1- 
(iv) From (3.12), we have that 


t'(A, x By) = Th (2.cos ¢,—2.cos 6) TT (2sin 6,). 
i=1,j= =1 


{(A, x B,) = 





Hence, in the same way, we prove that 
£'(A, x By) = [(v»—1)* Jeol" + 
+ > (—1)™*[v—1-A,,,..., v— 1 —Aj Jeol 1 +-0,..., 1+, ]ir- 
(vi) In the usual way, we obtain that 


bv 


(A, x B,) = mee ; (2 cos $;— 2 cos 6;) Ul (2 sin $¢,) 


Cr 
= Sopa HA exin 


» 
Multiply denominator and numerator by I] (2 cos $4;) and [J (2 cos $¢,) 
=1 i=1 
and simplify to give 
t’(Asx B,) 
_ |Op-~++4 Cp-o+4 





[SPH Cpe | 
= [(+4)"]a+ > (—1)*[v+4—A,,.--. ¥+4—Ay]eil$+04,--5 $+) 


In this case, we notice that the spin character of the direct product of 
the two matrices is given in terms of characters of different matrices. 


ees 


NE AK Fe A me). SR RN hreaie Me § me 
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(vii) In this case, we have 


¢(A,x B,) = IL, (2 cos ¢;+2 cos 0) TT (2 sin $4;) 
_ (Ope (BP -eP| 
~ (SF 1a 
where Sj = 2sinr¢, (r 4 0), S? = cot $q,. 
Thus we prove that 
{(A,x By) = [(v+4$)" Jo + > [V+4—A,,--,V+E—Ay Jor @,.--, My |is- 


(viii) Similarly, we obtain 





C'(A,x B,) = tl , (2 cos 6,;—2 cos 6;) I (2 cos $¢,) 
i=1,j= i= 


| On—s+t : Cn-s+t| 
I Oe ars = (+9) t+ 
al | | T ! 
+z (—1)PA[p dA see VAS —Ay Jo1[@,---) Oy hae 


(x) In the usual way, we find that 





C(A,x Bs) = tl : (2.08 4,—20086,) TT (2008 44,) TT (2sin }6,) 
i=1,j= i= j= 


| Sp-2+1 Ge-o+t | 


= = = [(v+)"Jesl(3)"uat 


| Sf -s+8}|Cn—sa+4 | 


+ F(— 1) [vp +4—A, 5. V+ d—Aj esl} +O)...5 $+, ]4- 
(xi) Finally, we obtain that 





C(A,x B,) = il (2 cos ;+-2 cos 6;) Il (2 sin $4;) Il (2 sin $6;) 
i=1,j=1 i=1 j=1 


m—8+1:(__ 1] )\n—s Qn—-s+1 
= Si Lhd db: | = [(v+4)"]oal($)"ia+ 


(pA —1pP Ory 
+ Pt d—Apseees VARA hold +040 $+ Oy) 


I wish to ‘express my gratitude to Professor D. E. Littlewood for his 
guidance during the preparation of part of this paper. 
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STRONG PROJECTIVE CONVERGENCE IN 
FUNCTION SPACES 


By S. N. PRASAD (London) 
[Received 28 October 1960] 


1. Introduction and preliminaries 

ANALOGUES for function spaces of some of the results on sequence 
spaces given in (1) Chapter 10 have been obtained in (3), and, as stated 
there, those portions of the theories for sequence spaces have been 
considered there which deal with dual spaces, coordinate convergence, 
and projective convergence and limit. The object of this paper is to 
find analogues for function spaces of some of the other results on 
sequence spaces, as given in (1) Chapter 10, and so projective-bounded- 
ness, strong projective convergence, and distance-convergence are con- 
sidered. Also, because of the importance of continuity in the study of 
functions, the concepts of strong projective continuity and distance- 
continuity are here introduced. 

Definitions of the function spaces used in this paper, and of dual 
space, parametric convergence, projective convergence, and projective 
continuity are to be found in (3). 

A linear space S is said to be normed if to each element e of S there 
corresponds a non-negative number |ie|| which is called the norm of e, 
and is such that 


(i) |lel| — 0 if and only if e = 0, 
(ii) |\ce|| = |e|.|\el| for every scalar c, 
(iti) |le+f\| < llell+llf\l- 
For example, in o,(f) (1 < p < 00), the norm is given by 


ry 1[p 
Flo = ( f ister” ae)”, 
and in o,,(f) it is given by ’ 


I|f \lo = esssup | f(x)|. 
xe[0, 0) 


If, for a fixed t > 0, 
tig zh _ (0<2<?b), 
10 > 8), 
then f(x) is called a section of (zx). 


Quart. J. Math. Oxford (2), 12 (1961), 177-84. 
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If a(f) is a function space, sections of functions in a(f) may or may 
not belong to it; for example, sections of functions in o,(f), o,(f), 
where 1 < p< ow, I'(f), d(f), and V(f) belong respectively to these 
spaces, whereas sections of functions in P(f) do not belong to P(f), 
and also sections of constant functions do not belong to the space of 
constant functions. 


2. Projective-bounded sets 
If a*(f) > B(f), and if 


< «(g) 








{ Fogle) de 


for every f in a set X in a(f) and every g in B(f ), where «(g) is a positive 
constant depending on g, then we say that the set X is projective- 
bounded (p-bd) relative to B(f), or a(f)B(f)-bd. When B(f) = a*(f), we 
say that X is p-bd in a(f), or a(f)-bd [ef. (1) 293]. 

If a*(f) > B(f), and we take a set X in a(f) to be the family f,(x) 
with ¢ € [0, 00), then we say that f(x) is ‘a(f)B(f)-bd’ if 


< K(9) 








| Alw)g(a) dex 
0 


for all ¢ in [0, 00) and every g in A(f). 

It is obvious from the definition of «(f)B(f )-convergence given in (3), 
and that of a(f)8(f)-boundedness given above, that a(/)§(/)-con- 
vergence does not necessarily imply a(f)8(f)-boundedness. This makes 
a fundamental difference from the case of sequence spaces, where af- 
convergence always implies «8-boundedness [see (1) 293]. 


(2,1). A set X is o,(f)-bd if and only if 
lf \lp < M 
for every f in X, where l < p<. 


Let f ¢ X in o,(f), and let g be any function in of(f) = o,(f), where 
1/p+1/q = 1. That the condition is sufficient follows at once from 
H6lder’s inequality 


< If llp- lila: 








| fe)g(a) de 
0 


We now prove the necessity of the condition. 














— 
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If X is o,(f)-bd, then 


\F(g)| = < «(9) (2.1) 








| fee)g(e) dex 
0 


for every f in X and every g in o,(f). 
Fg) is a scalar for every f in o,(f) and every g in o,(f); therefore 
\F(9)|| = |4(g)|, and so, by (2.1), 
|F(9)|| < «(g) (2.2) 


for each g in o,(f), as f runs through the set X. 
Hence it follows from (2.2), and by the Banach-Steinhaus theorem 
on uniform boundedness [see (1) 319-20, (4), or (5) 135], that 


\|FAg)|| < M. |ig\lq (2.3) 


for every f in X and every g in o,(f). 
Now, for each f in o,(f), 


Fg) = | fla)g(w) de 
0 


is a bounded linear functional on a,(/). 
Hence, from (2.3), by the definition of the norm of a bounded linear 
functional [see (2) 350 or (5) 138], we have 


\|F\| < M (2.4) 
for every f in X; and also, for each f in X, we have 
F/| = sup|F(g)| 
for all g in o,(f) with |\g\|, < 1; ice. 





VFA = sup] f ferred (2.5) 
0 
for all g in o,(f) with |\g\|, < 1. 
But, by (5) [Theorem 2, 71-72], 
IF lin = sup| | f(xg(z) aa (2.6) 
0 





for all g in o,(f) with |\g\|, < 1. 
Hence, by (2.5) and (2.6), we have 


Fyll = If llp- (2.7) 
Therefore, by (2.4) and (2.7), 


Ilf\lp <M 
for every f in X; and thus the condition is necessary. 





Secdatentaiekagiaticnentiediiaiontin ae 
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Coro.iary 1. If 1 < p < «©, a set X is o,(f)-bd if and only if 


f iste) i de < MP 
0 


for every f in X [ef. (1) 298 (10.4, IV), and (299) (10.4, V)]. 
CoRoLLaRY 2. A set X is p-bd in o,,(f) if and only if 
\f(z)| < M 
for almost all x > 0 and every f in X [ef. (1) 298 (10.4, ITI)]. 


3. Strong projective convergence, and strong projective con- 
tinuity 
If a*(f) > B(f), and f(x) in a(f) satisfies the condition that to every 
e > 0 and every p-bd set U in B(f) corresponds a positive number 
T(e, U) such that 





| oe file)—felw)} da] < « (3.1) 
0 


for every g in U and allt, t’ > T(e, U), then f(x) is said to be strongly 
projective convergent (p-cgt) relative to B(f), or a(f)B(f)-cgt. When 
B(f) = a*(f), we say that f,(x) is p-cgt in a(f), or a(f)-cgt [ef. (1) 302]. 
If «*(f) > B(f), and f(x) in a(f) satisfies the condition that to every 
« > 0 and every p-bd set U in A(f) corresponds a positive number 
3(e, U) such that (3.1) holds for every g in U and all non-negative ¢ and 
t’ such that |t—t’| < 8(e, U), then f(x) is said to be strongly projective 
continuous (p-continuous) relative to B( f), or a(f)B(f)-continuous. When 
B(f) = a*(f), we say that f,(x) is p-continuous in a( f ), or a(f)-continuous. 
By taking U to consist of one function only, we see from the defini- 
tions that a(f)B(f)-convergence implies a(f)f(f )-convergence, and that 
a(f)B(f)-continuity implies a(f)8(f)-continuity. 
(3,1). Every parametric convergent family in o.,(f) is p-cgt in o.(f). 
We have o%,(f) = o,(f). Let U be a p-bd set in o,(f); then, by (2, I) 
Corollary 1, am 
| \g(x)|dx < M (3.2) 
0 


for every g in U. 

Let f(x) belong to o,,(f) and be parametric convergent (¢-cgt); then 
corresponding to every « > 0 we can choose a positive number 7'(e), 
independent of x, such that, for almost all x > 0, 


\flx)—frla)| < mn (3.3) 
for all t, t’ > T(e). 
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Hence, by (3.2) and (3.3), 





| se fle) < jy | Weide <e 
0 0 


for every g in U and allt, t’ > T(e), and for every « > 0. 

Therefore f(x) is p-egt in o,,(f). 

We say that ‘f(x)¢@,(f), if to every « > 0 there corresponds a 
positive number 8(e), independent of ¢ and x, such that, for almost all] 

> 0, 

. \fl@)—fela)| < « 
for all non-negative ¢ and t’ satisfying |t—t’| < 8(e). 

(3,11). Every family f(x) in o..(f), such that f(x) €@,(f),, is o,,(f)- 
continuous. 

The proof is similar to that of (3, I). 

(3, III). For every parametric convergent family in o,(f ), p-convergence 
and p-convergence coincide [ef. (1) 304 (10.5, IT)]. 

We have of(f) = o.(f). If U is a p-bd set in o,,(f), then, by (2, I) 
tail ige)| <M (3.4) 
for every g in U and almost all x > 0. 

Let f,(z) belong to o,(f) and be ¢-cgt, and suppose that it is o,(f)-cgt. 
Then, since o,,(f) is normalf and f(z) is t-egt, we can, by [(3) (4, V)], 
taking g(x) = 1 for all 2 >0, for every « > 0, determine a positive 
number 7'(e) such that 

[ \fle)—fela)| dx < 55 (3.5) 


0 
for allt, t’ > T. 


Hence, by (3.4) and (3.5), 








[ g@{fie)—fela)} da] < Mf \fle)—frla)|de <« 
0 0 


for every g in U and allt, t’ > T. 

Therefore f(x) is o,(f)-convergent. 

Also p-convergence implies p-convergence. 

Hence the result follows. 

(3, IV). For every family f(x) in o,(f) such that f(x) € €,(f),, p-con- 
tinuity and p-continuity coincide. 

The proof is similar to that of (3, IIT). 


+ We refer to (3) for the definition of a normal function space. 
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(3, V). When B( f ) is normal and is such that sections of functions in 
it belong to it, then the necessary and sufficient condition that f(x) in a(f ) 
should be a(f)B(f)-cgt is that to every « > 0 and every p-bd set U in B(f), 
there corresponds a positive number T(e, U) such that 


| eX Aw)—fela)}\ dx < « 


for every g in U and all t, t' > T [ef. (1) 303 (10.5, I)]. 
If follows from the definition of p-convergence that the condition is 
sufficient. 
To prove that it is necessary, we construct the sections 
gx) (OX eK?P), 
0 (@>r), 


of every g in U, and consider the set V which consists of all functions 
6,(x) such that |@,(x)| = |h,(~)| for all z > 0. By hypothesis, B(f) is 
such that sections of functions in it belong to it; hence h,(x) € B(f); 
also B(f) is aa so that 0,(”) € B(f). 

For all w(x) in B*(f), 


h,(x) — 


<| \@,(a)w(a)| da = j |h,(a)eo(ar) | dar 








ra { lg(x)eo(a)| dar < [ \g(a)oo(xr)|da 
é 0 


for every r > 0; hence the set V is p-bd in A(f). Consequently, if f,(x) 
is a(f)B(f)-cgt, 


<e 


r(x){ fix) —fr(x)} dx 








for all t, t’ > T(e, U) for every « > 0. 

Given any two fixed numbers ¢, t’ > 7’, we choose the signs of 6,(x) 
so that 6,(x){f(2)—f,(x)} is non-negative. Then we have, for all 
vf > The, 0), “ 

J l9@Xfle)—felx)}| dx < « 
0 


for every r > 0 and every g in U; the result thus follows. 

In (3, V), unlike the case of sequence spaces [see (1) 303 (10.5, I)], we 
have to make the additional hypothesis that 8(f) is normal, and is such 
that sections of functions in it belong to it, because sections of a sequence 
always belong to the sequence space ¢, whereas the sections of a 
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function do not necessarily belong to the function space ¢(f), since a 
section of a function is not necessarily essentially bounded; but func- 
tions in ¢(f) are, by definition [see (3)], essentially bounded. 


4. Distance convergence, and distance continuity 
If with every two functions f(x) and g(x) in a space a(f), we can 
associate a number d(f,g) such that Hausdorff’s postulates 


(i) d(f.f)=90, d(f,g)>0 whenf +g, 


(ii) d(f,g) = 49,f), 
(iii) d(f,h) <d(f,g)+d(g,h), where he a(f), 
are satisfied, then d(f,g) may be called the distance between f and g in 


a(f), and a(f) is then a metric space. 
In o,(f) (1 < p < ©) distance is defined by 


° 1p 
atf.0) = ( f ifte)—gteyl de)” = fai (4.1) 
0 


(i), (ii), and (iii) are then satisfied. 

f(x) in a metric space is said to be distance-convergent (d-cgt) when 

to every « > 0 corresponds a positive number 7'(e) such that 
Uf fr) (4.2) 
for all t, t’ > T(e). 

f(x) in a metric space is said to be distance-continuous (d-continuous) 
when given any e > 0, there exists a positive number 8(e), independent 
of t, such that (4.2) hoids for all non-negative ¢ and ¢’ satisfying 

jt—t’| < d(e). 

(4,1). For every parametric convergent family in o,(f), d-convergence, 
p-convergence, and p-convergence coincide [cf. (1) 316 (10.8, IT)]. 

By (3, IIL), for every parametric convergent family in o,(f), p-con- 
vergence and p-convergence coincide. 

Let f,(x) in o,(f) be t-cgt. 

We have of(f) = o..(f). Suppose that f(z) is p-cegt in o,(f). Then, 
by (3) [(4, V)], taking g(x) = 1 for all x > 0, corresponding to every 
« > 0 we can determine a positive number 7'(e) such that 


@ 


| \f@—fela)| da < « (4.3) 


0 
for all t, t’ > 7’; and, by (4.1) and (4.2), this is the definition of d-con- 
vergence of f,(x) in o,(f); hence f,(z) is d-cgt. 
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Now suppose that f,(x) is d-cgt; then (4.3) is satisfied. Therefore for 
any g in o.,,(f), we have, by (4.3), 


i) 


| efi) —fele)} de 


0 








< Mg) | \file)—felw)| de 
0 


< «M(9) 
for all t, t’ > T(e) for every « > 0, and so f,(x) is p-cgt in o,(f). 
Thus the theorem is established. 
(4,11). For every family f(x) in o,(f), such that f(x) € €,(f),, d-con- 
tinuity, p-continuity, and p-continuity coincide. 
The proof is similar to that of (4,1). 


I wish to express my thanks to Dr. R. G. Cooke for some useful 
suggestions. 
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ON TRANSFORMATIONS OF FUNCTIONS AND 
FUNCTION SPACES 


By 8. N. PRASAD (London) 


[Received 28 October 1960] 


1. Introduction and preliminaries 

THE object of this paper is to consider some transformations of function 
spaces into function spaces, and also to study the nature of transforms 
of functions of the type g(z,r), where r is a (non-negative continuous 
variable) parameter. Sequence to sequence, and sequence space to 
sequence space, transformations are carried out by means of an infinite 
matrix (a, ,) [see (1) Chapters 4 and 10 and (2) Chapter 6]. A kernel 
F (x,t) is employed to transform a function to a function, and a func- 
tion space into a function space. 

F(x, t) is said to transform g(x) if the integral 


[ F(a, t)g(x) dx (1.1) 
0 


is absolutely convergent for all ¢ in [0,00), and then 


oa 


g(t) = { Fle, t)g(a) dex (1.2) 
0 
is called the F-transform of g(x). 
F (x,t) is said to transform a function space a(f) if the integral (1.1) 
is absolutely convergent for all ¢ in [0,00) and for every g(x) in a(f), 
and then the functions y,(t), given by (1.2), where g(x) € a(f), are called 
the F-transforms of the functions in a(f); and, if these F-transforms 
£,(t) belong to a function space A(f), then we say that the function space 
a(f) has been transformed into the function space B(f), or that the F- 
transform of «(f) is in B(f). 
With ¢ as a (continuous variable) parameter, if F(2z,t), regarded as 
a function of x, belongs to a(f) for all ¢ in [0,00), then we write 
F(x, t) € o(f),; if further a(f) < B(f), then we write 


F(a,t)€a(f), < B(f). 


It follows from the definition of dual space, given in (3), and that of 
the F-transform of a(f), given above, that F(x,t) transforms a(f) if 


and only if F(x, t) € «*(f),. 


Quart. J. Math. Oxford (2), 12 (1961), 185-95. 
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We refer to (3) for the definitions of the function spaces used in this 
paper but not defined in it. 

Let f(z,t)€o,(f),, where 1<p<oo. If, corresponding to every 
« > 0, there exists a positive number 7'(e) such that, writing 


f(x, t) = fix), 

we havet llfti—Srllp < € (1.3) 
for all t, t’ > Te), then we say that f,(x) converges in mean (or converges 
in norm) with exponent p. If, corresponding to every « > 0, there exists 
a positive number 8(e) such that (1.3) holds for all non-negative ¢ and t’ 
satisfying |t—t’| < 8(e), we say that f,(x) is continuous in mean (or con- 
tinuous in norm) with exponent p. If 

Willp < M (1.4) 
for all t > 0, we say that f,(x) is bounded in mean (or bounded in norm) 
with exponent p. 

In the case 1 < p < o, (1.3) and (1.4) are respectively 


2) 


| \f@)—fela)|? dx < (1.34) 
0 


and | f(a) |? dx < M?. (1.4 a) 


0 


2. We now establish a few theorems on transformations of function 
spaces into function spaces. 


(2,1). If F(x,t) > 0 for almost all x > 0 and almost all t > 0, 


a(f) < o.(f), 
and a(f ) contains all functions which are constant throughout [0, 00), then 
F (x,t) transforms a(f) into a normal space B(f) if and only if 
(i) F(x,f)€ o(f)z, 


oo 


(ii) | F(x, t) dx € B(f). 


0 


The proof is similar to that of [(4) (3, I)]. 

We refer to (3) for the definition of a normal function space. For 
example, the spaces o,(f), where 1 <p <0, $(f), Ef), and Ff) 
are normal, so that, in (2,1), 8(f) could be any one of these spaces. 

‘F(x, t) ¢ (f), has the same meaning as ‘F(x) ec @(f),’, and for this 
we refer to (3). 


t We refer to (5) for the meaning of || /||,. 
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Let @(f) denote the space of all functions uniformly continuous in 
[0, 00). 

(2,11). If F(x,t)e M(f),, then F(x, t) transforms o,,(f) into ©(f) if 
and only if F(x,t) belongs to o,(f), and is continuous in mean with 
exponent 1. 

Suppose that F(x,t)eo,(f),; then F(z,t) transforms o,(f) since 
o*.(f) = o(f). 


Also suppose that F(z,t) is continuous in mean with exponent 1; 
then to every « > 0 there corresponds 8(«) > 0 such that, by (1.3), 
| | F(a, t)—F(a,t’)|dx <« (2.1) 
0 
for all non-negative ¢ and t’ satisfying |t—t’| < 8(e). 
Let g(x) € o.(f), and let #,(t) be given by (1.2); then, by (2.1), given 
any « > 0, there exists 5(¢) > 0 such that, for all non-negative ¢ and ¢’ 
satisfying |t—t’| < 8(e), 


g(t) —¥,(¢’)| = 


«o 


| { F(x, t)— F(z, t’)}g(x) dx 


0 





< uw) { | F(x, t)— F(x, t’)|dx < «M(g). 
0 


Hence ¢,(t) € @o(f) for every g(x) in o,,(f); and so the conditions are 
sufficient. : 

Conversely, if F(x,t) transforms o,,(f), then F(x,t) must belong to 
o*(f), = o,(f),; and, if the F-transform y,(t) belongs to ©,( f ) for every 
g(x) in o,,(f), then to every « > 0 and to every g(x) in o,(f), there 
corresponds a positive number 8(e,g) such that 
[ (F@,)—Fla,t")}g(a) de] <« (2.2) 
0 
for all non-negative ¢ and ¢’ such that |t—t’| < 8. 

Take g(x) = 1 for all x > 0; then, since, by hypothesis, F(z, t)¢. @(f),, 
we have, by (2.2), ~ 

[ \F@0—Fe@,t)\de <« 

0 
for all non-negative ¢ and ¢’ such that |t—t’| < 8(e), for every « > 0; 
i.e. F(z, t) is continuous in mean with exponent 1. Thus the conditions 





are necessary. 
Let Iy(f) denote the space of all functions f(x) which are such that 
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(i) f(x) is finite everywhere in [0, 00) and (ii) f(x) tends to a finite limit 
as x —> 00. 
(2, III). If F(x,t)€¢ M(f),, then the F-transform of o,,(f) ts in Ty(f) tf 
and only if F(x,t) belongs to o,(f), and is convergent in mean with 
exponent 1. 

The proof is similar to that of (2, IT). 

Let o’,.(f) denote the space of functions bounded in [0, 00), to distin- 
guish this from o,(/). 

(2, IV). If l<p<o, a kernel F(x,t) transforms o,(f) into o',(f) 
if and only if F(x,t) belongs to o,(f), and is bounded in mean with ex- 
ponent q, where 1/p+1/q = 1. 

If F(x,t)eo(f),, then F(x,t) transforms o,(f) since of(f) = o,(f). 

Let g(x) be any function in o,(f), and let ¥,(¢) be given by (1.2). 
Let us write F(x,t) = F(x). 

If F(x, t) is bounded in mean with exponent q, then, by (1.4), 

Filla < M (2.3) 
for allt > 0. Therefore, by Hélder’s inequality and (2.3), 











| Pee, tga) de} < Filly ligllp < M-ligllp 
0 
for allt > 0. Hence ¥,(t) € o',,(f) for every g(x) in o,(f). 

Thus the conditions are sufficient. 

Conversely, if F (x,t) transforms o,(f), then F(x,t) must belong to 
o3(f)z = o,(f),; and, if the F-transform %,(t) belongs to o’,,(f) for every 
g(x) in o,(f), then 


lYg(t)| = 





| F(x, t)g(a) dx 





< Kg) (2.4) 


for all ¢ > 0 and every g(x) in o,(f), where K(g) is a positive constant 
independent of t, but depending on g. 


Now let us write ms 


G9) = v,lt) = | Flew, t)g(x) de 


0 
for every ¢ in [0, 00) and every g in o,(f). Then, by (2.4), we have 
\$(9)| < K(g) (2.5) 
for all ¢ in [0, 00) and every g in o,(f). Now ¢,(g) is a scalar for each ¢ in 
[0, 00) and every g in o,(f); therefore |\¢,(g)|| = |¢,(g)|, and so, by (2.5), 
\ip9)|| < K(g) 
for each g in o,,(f) as ¢ runs through [0, 00). 
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Hence, by the Banach-Steinhaus theorem on uniform boundedness 
[see (1) 319-20, or (6) 135], 


IlP(9)|| < K’.|Igl\p (2.6) 


for ali ¢ in [0, 00) and all g in o,(f). 
For each ¢ in [0, 00), - 


$(9) = [ F(x)g(a) dx 


6 
is a bounded linear functional on o,(f). Therefore, it follows, by (2.6), 
from the definition of the norm of a bounded linear functional [see (2) 
350 or (6) 138] that libyl| <K’ (2.7) 
for all ¢ in [0, 00). 
Also, by this same definition, we have, for each fixed ¢ in [0,00), 
‘|| = sup|¢,(g)| for all g in o,(f) with ||g\|, < 1; ie. 














Ill = sup] [ F(x)g(x) dex (2.8) 
for all g in o,,(f) with |\g\|, < 1. . 
But, by [(6) Theorem 2, 71-72], for each fixed ¢ in [0, 00), 
\Flg = sup| | F(x)g(x) de (2.9) 
0 
for all g in o,(f) with |\g\|, < 1. Hence, by (2.8) and (2.9), we have for 
each fixed ¢ in [0, 00), Fill, e \\pyl\- (2.10) 
Therefore, by (2.7) and (2.10), we have 
Filla < K’ 


for all ¢ in [0, 00); i.e. F(x, t) is bounded in mean with exponent qg. Thus 
the conditions are necessary. 
In particular, we have 
CoROLLARY 1. F(x,t) transforms o,(f) into o',(f) if and only if 
F(x, t) € o,(f), and 
| |F(a,t)|dx <M for all t in 0,0). 


0 


CoROLLARY 2. F(zx,t) transforms o,(f) into o',(f) if and only if 
F(z, t) € o0(f)z and ess sup|F(2,t)| < M 


xe[0, 0) 
for all t in [0, 00). 


3. In this section we study the nature of the transforms by a kernel 
P(x, t) of functions of the type g(x,r), where r is a (non-negative con- 
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tinuous variable) parameter, i.e. of families of the type g(z,r) = g,(z), 
where r runs through the set [0,00). We give below some notations 
and definitions which we shall need in connexion with this study. 

In the notations given in § 1, f(x, t) = f,(x) will be called a(f), B(f)-egt 
if f(x) is «( f )8(f)-egt in the notations of (3); in the same way, we shall 
say that f(x, t) is ‘a(f), (f)-continuous’, ‘a(f), B(f)-bd’, ‘a(f),B(f)-cgt’, 
or ‘a(f),,8(f)-continuous’ according as f(x) = f(z,t) is a(f)B(f)-con- 
tinuous, a(f)8(f)-bd, «(f)B(f)-cgt, or a(f)B(f)-continuous, in the nota- 
tions of (3) and (5). 

We see in (5) that in the case of function spaces, unlike the case of 
sequence spaces [(1) 293], projective convergence does not necessarily 
imply projective boundedness. If f(z,t) is a(f),8(f)-egt and also 
a( f),B(f)-bd, then we say that f(z, t) is ‘a(f),B(f)-(bd egt)’. 

If a*(f) > B(f), Fla,t) € olf es g(a,r) € BUS )es 





p(t, 7) = | F(a, t)g(x, r) dx, (3.1) 
fn) 


and to every « > 0 and to every g(z,r)€A(f), there corresponds a 
positive number 7'(e,g), independent of r, such that, for almost all 
r>0, 


p(t, r)—o,(t’, r)| — 





| {F(a,t)—F(a,t’)}g(a,r)dx| <« (3.2) 
0 


for all ¢, t’ > T(e,g), then we say that F(zx,t) in a(f), is smoothly pro- 
jective convergent {p-cgt(s)} relative to B(f), or «(f),B(f)-cgt(s). When 
B(f) = a*(f), we say that F(z, t) is ‘a(f),-cgt(s)’. 

If (3.2) is true for all non-negative ¢ and ¢’ such that |t—t’| < 8(e,g) 
for every « > 0 and every g(z,r) in B(f),, where 5 is independent of 
r and t, then F(x, t) in a(f), is said to be smoothly projective continuous 
{p-continuous(s)} relative to B(f), or a(f),B(f)-continuous(s). When 
B(f) = a*(f), F(z, t) is said to be a( f ),-continuous(s). 

¥,(t,r), given by (3.1), is referred to as the ‘F-transform of g(x, r)’. 

We now prove some theorems on transforms. 


(3,1). If F(x,t) is a(f),B(f)-cgt(s), then the F-transform of every 
B(f).«(f)-(bd egt) family g(x, r) is T(f),-cgt. 

Let ¢,(t, 7) be given by (3.1). 

By hypothesis, F(x, t) is a(f),B(f)-cegt(s), so to every « > 0 and to 
every g(x,r) in B(f), there corresponds a positive number 7'(e,g) such 
that (3.2) holds for almost all r > 0 and allt, t’ > T(e,g). 
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Since g(x, 1r) is B(f),«(f)-bd, we have, for all ¢ in [0, 00), 
\ba(t,7)| < M(t) for all r in [0, 00). 
Also, g(z,r) is B(f),«(f)-egt; therefore, for every ¢ in [0,00), ¥,(t,r) 
tends to a finite limit as r > oo. Hence y,,(t,r) e T(f),. 
We know, by [(3) (3, II)], that [*(f) = o,(f). Let U be a p-bd set 
in o,(f); then, by [(5) (2,1) Corollary 1], 


oo 


[ IMr)idr < K (3.3) 
0 


for every A(r) in U. 

Then, by (3.2) and (3.3), 

< «| \h(r)|dr < eK 
0 
for all t, t’ > T(e,g) and for every A(r) in U. 

Hence, by the definition of strong projective convergence [cf. (5)], 
%,(t,r) is T'(f),-cgt; and this is true for every B(f),«(f)-(bd egt) family 
g(z,r). This establishes the theorem. 

CoroLLary. If F(x, t) is o.(f),-egt(s), then the F-transform of every 
o,(f),-(bd egt) family g(x, 7) 18 T(f),-cgt. 

(3,11). If F(x,t) is a(f),B(f)-continwous(s), then the F-transform of 
every B(f),.a( f)-(bd egt) family g(x, r) is T(f),-continuous. 

The proof is similar to that of (3, I). 

(3, III). Lf (i) F(x, t) transforms «(f) into B(f), and (ii) B*(f) < o,(f), 
then the F-transform of every a(f ),-cgt(s) family is B(f ),-cgt. 

Let g(x,r) be a(f),-egt(s), and let ,(t,r) be given by (3.1). By the 
hypothesis (i), F(z,t)éa*(f),. Since g(z,r) is a(f),-cgt(s), to every 
« > 0 there corresponds a positive number R(e), independent of ¢, such 
that, by (3.2), for almost all ¢ > 0, 

lbg(t, r)—y,(t, r’)| < € (3.4) 
for all r, r’ > R(e). By the hypothesis (i), F(x, ¢) transforms a(f) into 
B(f); therefore y,(t,r) € B(f), for every g(x,r) in a(f),. 

Let A(t) be any function in B*(f); then, by (3.4) and hypothesis (ii), 








[ felt, 7) volt’, r)i(r) dr 
0 





<e[ \a(t)|dt < ek(h) 
0 





J Goltsr)—volt, x’) (t) de 
0 


for all r, r’ > R(e) for every « > 0 and every A(t) in B*(f). 
Hence, by the definition of projective convergence [cf. (3)]}, ¥,(t,r) 
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is B(f),-egt, and this is true for every a(f),-cgt(s) family g(z,r). This 
proves the theorem. 

It is observed that, if, in place of hypothesis (ii), we have 

B*(f) m o,(f), 
then y,(¢, ) is B(f),,(f)-egt for every a(f),-cgt(s) family g(z,7r). 

(3, IV). If (i) F(x, t) transforms a(f) into B(f), and (ii) B*(f) < o,(f). 
then the F-transform of every a(f),-continuous(s) family is B(f),-con- 
tinuous. 

The proof is similar to that of (3, ITI). 

In this theorem also, if, in place of the hypothesis (ii), we postulate 
that 6*(f) > o,(f), then the F-transform of every a(/),-continuous(s) 
family g(x, r) is B(f),o,(f)-continuous. 

(3,V). If (i) a*(f) > BUS), (ii) af) < o(f), and (iii) F(x, t) belongs 

a(f), and is bounded in mean with exponent 1, then the F-transform 
ye every parametric convergent family in B(f) 1s parametric convergent. 

Let g(z,r) belong to B(f), and be parametric convergent (r-cgt), 
Since g(x, r) is r-egt, to every « > 0 there corresponds a positive number 
R(e), independent of x, such that, for almost all x > 0, 

g(x, r)—g(@,1")| Se (3.5) 
for all r, r’ > R(e). 
Since rig t) is bounded in mean with exponent 1, we have, by (1.44), 


J | F(x, t)|da <M (3.6) 
0 


for allt >0. Let y%,(t,r) be given by (3.1); then, by (3.5) and (3.6), 


for all ¢ > 0, a 
volt, r)—belt,r’)| =| { F,t\{g(x,r)—g(@, r')}da| < eM 
0 


for all r, r’ > R(e) for every « > 0. This proves the result. 

(3, VI). If (i) the kernel F(x, t) belongs to «( f),, < o,(f) and is bounded 
in mean with exponent 1, (ii) g(x, r) belongs to B( f), < «*(f) and is r-cegt, 
(iii) ¥,(t,r) is the F-transform of g(x,r) and belongs to y(f),, and 
(iv) y*(f) < o,(f), then ,(t,r) belongs to Iy(f), and is y(f),-cgt, where 
y(f) is any function space. 

Since F(x,t)€a(f),, 9(t,r) € B(f)x, and a*(f) > B(f), Yylt,r), given 
by (3.1), is finite for all ¢ > 0 and all r > 0. 

By (ii), g(z,r) is r-egt; therefore given any « > 0, there exists a 
positive number R(e), independent of z, such that (3.5) holds for all 
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r,r’ > R(e), and for almost all z > 0. By (i), F(x, t) is bounded in mean 
with exponent 1, and therefore (3.6) holds for all ¢ > 0. 
Hence, by (3.5) and (3.6), we have, for all ¢ > 0, 


Ib, (t, r)—4,(t, r’)| Sa < «M (3.7) 





| Fe, thg(x,r)—9(@, r')} de 
0 





for all r, r’ > R(e). Therefore y,(t,r) € Ty(f),- 
Let h(t) € y*(f); then, by (iii), (iv), and (3.7), 


<«M | \h(t)| dt < «M’(h) 
0 








| folt. 7) volt, 1’ Y(t) at 


for allr, r’ > R(e) and for every h(t) in y*(f). Hence ¢,(t, r) is y(f),-egt. 

We remark that, if in place of (iv) we postulate that y*(f) > o,(f), 
then ¢,(t,r) is y(f)e,(f)-cgt. 

‘f(a, t) € G,(f), has the same meaning as ‘f,(x) € @,(f),’, and for this 
we refer to (5). 

(3, VIL). If the conditions (i), (iii), and (iv) of (3, VI) hold, but in place 
of (ii) we postulate that g(x,r) € B(f), < a*(f) and g(x,r)€ G,(f),, then 
p,(t,r) belongs to €,(f), and is y( f),-continuous. 

The proof is similar to that of (3, VI). 

If, instead of (iv), we have y*(f) > o,(f), then y,(t,r) is y(f),o,(f)- 
continuous. 

(3, VIII). If (i) F(x, t).in o,(f), 1s bounded in mean and continuous 
in mean with exponent p, and (ii) g(x,r) in o,(f), is bounded in mean 
and convergent in mean with exponent q, where 1 < p < o, and 

I/p+1/q = 1, 
then the F-transform of g(x,r) is 
(a) r-egt, (b) @(f)-cgt, and (c) T(f),-continuous. 

Let us write F(x) = F(a, t), and g,(x) = g(z,r). Let ¥,(t,r) be given 
by (3.1); then, by the conditions (i) and (ii) and the inequality (1.4), 
we have 
< [Fly liGella < M (3.8) 








Wvolt,r)| = | | Hle)gp(a) de 
0 


for allt > 0 and allr > 0. 
Again, by (i), (ii), (1.3), and (1.4), 


volt, r)—dlt,r’)| =| [ KlwyXgr@)—ge(a)} de 
0 


< Filly « \I9r—Gr'llg < ke (3.9) 
oO 





3695 .2 .12 
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for all r, r’ > R(e) for every « > 0, and allt >0. R is independent 
of t, so that ¥,(t, r) is r-egt. This proves (a). 
Also, by (i), (ii), (1.3), and (1.4), we have 


pa (t, r)—p,(t’, r)| ~—_ 





| @)—Fa)}g,(e) de 
0 


< ||A—Follp -llgrlla < €k’ (3.10) 


for all r > 0, and all non-negative ¢ and ¢’ such that |t—t’| < 8(e) for 
every « > 0. It follows from (3.8) and (3.9) that ¥,(t,r)¢T(f),, and 
from (3.8) and (3.10) that ¥,(t,r) e @(f),. 
By [(3) (3, I1)], @*(f) = P*(f) = o,(f). 
Let U be a p-bd set in o,(f); then, by [(5) (2, I) Corollary 1), 
| \A(t)|dt < L (3.11) 


0 


for every hin U. Then, by (3.9) and (3.11), 





f Gel —veltr atl < ke f he) dt < ek 
0 0 


for all r, r’ > R(e) and for every h in U. Hence 7,(t,r) is @(f),-cgt. 
This proves (5). 
Also, by (3.10) and (3.11), 





[ elt, role’, r)}h(r) dr 
0 





< ck’ | \h(r)|dr < eK’ 
0 


for all non-negative ¢ and ¢’ such that |t—t’| < 8(e) and for every h 
in U. Hence y(t, r) is I'(f),-continuous. This proves (c). 


(3, 1X). If'(i) F(x, t) in o,(f), 18 bounded in mean and convergent in 
mean with exponent p, and (ii) g(x,r) in o,(f), 18 bounded in mean and 
convergent in mean with exponent q, where 1 < p < wand 1/p+1/¢ = 1, 
then the F-transform of g(x,r) is (a) r-cgt, (b) t-egt, (c) T(f),-cgt, and 
(2) T(f),-cgt. 

The proof is similar to that of (3, VIII). 


(3, X). If (i) F(x,t) in o,(f), is bounded in mean and continuous in 
mean with exponent p, and (ii) g(x,r) in o,(f), is bounded in mean and 
continuous in mean with exponent q, where 1 < p < wand 1/p+1/q = 1, 
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then the F-transform of g(x,r) is (a) @(f),-continuous, and (b) @(f),- 
continuous. 


The proof is similar to that of (3, VIII). 
I wish to express my thanks to Dr. R. G. Cooke for useful suggestions. 
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1. Introduction 

I. M. James has shown (5) that, with the exception of the toric con- 
structions of H. Toda (10), the usual procedures for the construction of 
generators of homotopy groups of spheres give rise to no more elements 
than can be obtained by the Hopf construction together with the 
operation of composition. However, if « € 7,(S") is obtainable by the 
Hopf construction, and if w(«) is the reduced product filtration of « 
[see (8)], then, by 13.10 of (4), w(a) < 2. It is thus a problem to con- 
struct the generators whose filtrations exceed two and which are not 
known to be composition elements. Of these, many have been repre- 
sented as toric constructions [see (11), (12)], but notably not, for 
example, the elements of order p in 7,,(S*) (p prime, p > 3). I shall 
prove in a subsequent paper that these latter are obtainable by the 
generalization of the Hopf construction which is presented here. 

We denote the base-point of any space by * and select the base-point 
of any topological product to be the point whose coordinates are the 
respective base-points. Let A be a special complex: that is, a countable 
CW-complex with precisely one 0-cell, namely *. Then A, the reduced 
product complex of A [see (3) |, is a countable CW-complex whose points 
are equivalence classes of finite sequences of points of A. Let A,, (m > 0) 
be the subcomplex determined by the sequences with m terms or fewer, 
A, being identified with * and A, with A. Let M be the topological 
product S" x 8"... 8S". Given a map 


F:M>A, (1.1) 
which respects base-points, by the i-th section of F we mean the map 


f,: S"%*—> A, such that 
LAY) = FY Yas Y;)> 


where y, ¢ S% and y, = * if k Ai. If f,(S") c A, let a € 7,, Ap, be 
the element defined by f;. Then, if F(M) < A,, we describe F as a 
map of type (ce, Opposes 0&,)*. (1.2) 
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Let F’: M > A,, be the map such that 


F'(y,, Yareess Y;) —? Fi(Y1) -fe(Ye) we Si(Y;) (1.3) 
where the fullpoint denotes the multiplication in A,. Then, if 
m = > m,, F’ is a map of type (a, %,...,0;)". If F(M) ¢ A, and in 
addition F agrees with F’ except on the (> 1;)-cell of M, we describe 
F as a map strongly of type 

(oxy, g,-++5 OL5)*. (1.4) 


If X and Y are spaces, we denote the set of homotopy classes of maps 
X + Y by [X,Y], the collapsed product of X and Y by XY, the 
(reduced) suspension of X by sX and, if f: X > Y is a map, we denote 
the suspension of f by s(f). Let ,P, .P,..., ;P be special complexes. 
D. Puppe (9) has proved that s(,Px,Px...x;P) has the homotopy 
type of a certain wedge W (say) of suspensions of collapsed sub-products 
of ,Px,Px...x,;P. We shall construct a particular homotopy equi- 


valence 8: 6(,PX,PX...x;P) > W (1.5) 


[by the method due to James in the proof of 4.1 of (6)], which is the 
track sum in a certain order of the suspensions of the projections on 
to the collapsed sub-products. Then W contains precisely one copy of 
Z = 8(,PA.PA...A;P). Let « be the homotopy class of the injection 
map Z—> W. Let Q be the space of loops on sA and let ¢,: A, > be 
a canonical map [see (3)]. Let %:sA,,>s8A be the map such that 
iv(x,t) = db, x(t), wherex € A,, te IJ,andv: A, x I > 8A, is the suspen- 
sion identification. Then, if F:,;Px,Px...x;P —> A, is a based map, 
i or (PF) = Hals(F)}x(04)-% € [2,84] (1.6) 
to be the element obtained from F by the generalized Hopf construction. 
It should be emphasized that the homotopy class of @, and hence c(F), 
depends on the chosen order of track addition. While we shall not study 
the effect of varying the order, we defend our choice to some extent 
by proving that in the case ,P = A,,, (k = 1, 2,...,j) the diagram 


8(Am, X Am, X «+» X Amy) a5 8(A,) 


\o |» (1.7) 
> >8A 
is homotopy-commutative, where p is the natural map [see (3) 176] ando 
is the map which agrees with ¢ on s(A,,,) (k = 1, 2,...,j) and sends the 
rest of W to xe s8A. 
Let ¢: 7,(A..) > 7,4;(8A) be the canonical isomorphism of (3) and let 
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F: MA, be a map strongly of some type. Then the separation 
element d(F’, F)e72,(A,) (r = > 1;) is defined [see (10) of (7)]. The 
main result (orientations being chosen in a standard manner) is the 
theorem: 

THEOREM 1.8. c(F) = (—1)'+d(F’, F). 

It can be verified by comparingt Theorem 1.8 with 5.7 of (7) that we 
recover the classical Hopf construction if 7 = m = 2. The following, 
which is easily deduced from Theorem 1.8 and the properties of separa- 
tion elements, reduces to a result by James if j = m = 2: 


THEOREM 1.9. If F is a map strongly of type (0, %2,-..,«;)"-! such that 
c(F) = a, then there exists a map F” strongly of the same type such that 
c(F") = a” if and only if w(a—a«”) < m—1. 

Let A;,,) be the m-fold collapsed product of A with itself. Then the 
map h,,: A,, > Ag, Which shrinks A,,_, to * is an identification. We 
shall also denote by h,, the induced homomorphism 7,(A,,) > 7,(Ag,))- 
Let A(m) = sA,,, and let 


Hy: 7,(8A) > 7,(A(m)) (m = 1,2,...) 

be the Hopf—James invariants [see (2) for the case A = S"]. Let aA 
denote the collapsed product of the homotopy classes «, 8 and let £ 
denote the suspension homomorphism. Then we shall prove the follow- 
ing generalization of the classical result concerning the Hopf invariant 
of a Hopf construction: 

THEOREM 1.10. If a;€7,(Am,) (i = 1,2,...,j), m = > m,, and F is 
a map strongly of type (a1, a2,...,0;)"—1, then 

Ay, (FP) = — E (lyn, % A Ping Xe A «++ A My, %5)- 

Let a, 1. be generators of 7;(S*), 7,(S?) respectively. I shall prove 

in the paper to follow that there exists a map F strongly of type 


(c, tg, tg, tg)®. Then Theorem 1.10 implies that c(F’) is a non-zero element 
of 77,.(S*) and w(c(F)) = 4. 


2. The homotopy equivalence 


Let J denote the closed unit interval, S! the space obtained from I 
by shrinking (0) U(1) to * and let fag: X\Y¥Y +> ZAW denote the 
collapsed product of the based maps f: X > Z, g: Y > W. We define 
sX, the (reduced) suspension of X, to be X AS! and s(f): sX > sY, 
the suspension of f: X > Y, to be the map fA1l: XAS'>YS'. If 





+ See also J. London Math. Soc. 35 (1960) 480, footnote. 
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xe X,yeY, we denote the images of (x, y)e Xx Y, te I, (x,t)e XxI 
under the corresponding identifications by tAyeXAY, te S', 
(x,t) = xAtesX. Let, f:sX + Y (i = 1,2,...,n) be based maps. Then 
we denote by = 
> ,f: sX +Y (2.1) 
i= 
the map such that 

3 flw,t) = fle,mt—it1) if i-1<at<i (§=1,2,...,n). 

i= 


If + denotes the track addition [see (1)] in [sX, Y], we observe that 


(Sf) = (Uf +E D+GID ++) = ZS} (Cay). 


Let F denote the ordered set {,P:r = 1, 2,...,7} of disjoint special 
complexes, [IV the topological product ,Px,Px...x;P, and AF the 
collapsed product ,PA,PA...A;P. Let i be an integer, let c denote 


the binomial coefficient (’), and let {e(k): k = 1,2,...,c} be the set of 


increasing functions from (1, 2,...,i) into (1, 2,...,7) ordered lexico- 
graphically from the right. This means that, if p <q <c, then there 
exists r such that e(p)(t) = e(q)(t) for r<t <i and «{p)(r) < €(q)(r). 
We denote the ordered set 
{,P: 1 = e(k)(1), e(k)(2),..., €(k)(t)} 

by A,. Let 7: 1A >A, be the projection which suppresses the 
coordinates corresponding to spaces which are not members of Z,,, and 
let p: 1A, > AF, be the collapsing map. Let W = W(P) be the 
wedge with common point * of the complexes sAY,,, k running from 
1 to c, and i from 1 to j. Let A;,: sA%, —> W be the injection and let 
6: sIIA > W be the map 


6 = $ > Aix 8(u77; x). (2.2) 
i=1i k=1 
Then we have the theorem: 
THEOREM 2.3. @: sI1A > W(P) is a homotopy equivalence. 


Proof. Since sI117 and W are simply-connected CW-complexes, it 
will be sufficient by Theorem 3 of (13) to prove that the induced homo- 
morphism 6,: H.(sI1P) > H.(W) of the singular integral homology 
groups is an isomorphism. The case j = 2 follows by an argument 
using the homology sequence of the pair (,P x .P,,P\V.,P). While 
[sIIP, W] is not necessarily abelian, it is important to observe that 6, 
does not depend on the order of the addition in (2.2). Let #’ be the 
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ordered set {,P, r = 2,3,...,j} and let W’ and 0’: sf > W’ = W(F’) 
be defined correspondingly. Then we can argue inductively for the 
composition of the homotopy equivalence 

sI1FA7 = NAAN > (,PAS)v(IF aS) v (,PATF a 83) 
with the wedge of the equivalences 1:,PAS!>,P,S', 6’; and 
1A 0: PATA A S'+>,P A W’ turns out to be the required track sum 
(but in a different order). 

Let Mw = {,M,r = 1,2,...,j} be an ordered set of special complexes 
and let g:,M—,P (r = 1,2,...,j) be based maps. Then, if g is the 
ordered set {,g, r = 1, 2,...,j}, we denote by Ig: IW > IP the product 
map 19 XX ... xg and by Ag: A.W > AF the collapsed product map 
GJAWGA ... Asg. Let 

w(g): W(M#) > W(PY) (2.4) 
be the map such that w(g) |sA.4@,, = s(Ag,,). Then the following 
diagram is commutative. 

s(IIg) 
sll aM —> sIP 
6 6 (2.5) 
Wd)”. WP) 
We can deduce from (1.6) and (2.5) the theorem: 


THEOREM 2.6.  ¢(FIlg) = c(F) o {Ag} € [sA.4, 8A]. 


3. A commutative diagram 

Let & be the ordered set {A,,,, i = 1, 2,...,j}, let q;: Am, > Aw be the 
injection map and let p: II.0/ + A,, be the natural map. Then we have 
the theorem: 


THEOREM 3.1. {yss(p)} = 3 (sta, 1, ,;)} € [sI1.97, 8A}. 


Proof. Let,m’ = m;_,+m,. Then, since p can be factored into maps 
Tl. > Ay, X...X Amy_,X Am > Aw, an inductive argument using the 
left distributivity of the composition operation for suspension classes 
reduces the problem to the case 7 = 2. Let m, = m, m, = n—m, te I, 
and let 

B =e (Ly Vg 00. Lags Lg Sense o> Le) reEA,,XAy_m: 
Let ¢,: A, >Q be the canonical map associated with a distance 7, 
relative to * in A. Let 


Xp, = 1 Lp, a(k) ze Oy + Og}... Oy (k = 1, 2,...,), 
B = a(n)—a(m). 
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Then Pa(p)(x,t) = $y(% Tq... Xp)(t), 
and referring to the definition of the canonical map [(3) 190] we can 
verify that 


ps(p)(x, t) 
(qs 7,1 2, ta(m)/a(m)) if a(m) # 0). 
Wo 71,9%, (ta(n)—a(m))/B) if B A 0). 
4 271,2 if B = off a(m) < ta(n) < a(n), 
while 


(8(91 71,1) +48(927,2))(a, t) = agent ie vie 2 Z . 
Since x > a(n), 2 > a(m) are continuous functions, we can construct the 
required homotopy by a standard technique. The only difficulty which 
arises is the question of its continuity at points (x, ¢) for which a(m) = 0 
or 8B = 0. At such points we have 7,, x = * or 7,.2 = * (respectively) 
and the continuity there is a consequence of the Lemma 3.2 following. 

If X is any space, let v: X x I > sX be the suspension identification. 
Then v shrinks (*) x J U X x (0) U X x(1) toxe 8X. 

Lemma 3.2. If U is any open set of sX containing *, then there exists 
an open set U’ < X such that x € U' and o(U’ x1) c U. 

Since Lemma 3.2 follows easily from the compactness of J, the proof 
of Theorem 3.1 is complete. 

From (2.2) and Theorem 3.1 we deduce the corollary : 


CoROLLARY 3.3. Diagram 1.7 is homotopy-commutative. 
Let ,f: ,P > A, be based maps (i = 1, 2,...,7) and let F’: IA > A, 
be the map such that 
F'(Yy5 Yass Ys) = f(Yr) -2f(Yo)- -++ = 5 F(Ys)- 
We have the further corollary: 
CoROLLARY 3.4. c(F’) is the class of the constant map sAF —> 8A. 


We first observe that the method of constructing the homotopy is 
such that Corollary 3.3 remains valid if each A,, in # is replaced by A... 
Then Theorem 2.6 implies that p: Il. — A,, is a ‘universal example’. 
Applying Corollary 3.3 we have c(p) = o,+, which is the class of the 
constant map. 


4. The separation element 


In this section we prove Theorems 1.8 and 1.10. Let V" and 8S” 
denote the n-element and n-sphere as represented in (4). We shall 
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assume that orientations for V", S", products and collapsed products 
of spheres have been chosen as in (4) and we observe that these are 
consistent with our earlier representation of sS" as S" A S! provided 
that the map ¢,: J > S*[(4) 201] is chosen as the identification. 

Let K be a CW-complex whose characteristic maps respect base- 
points and let L be a subcomplex such that K—L = 6", an open r-cell 
(r > 1). We may represent sK as the CW-complex whose characteristic 
maps are the suspensions of the characteristic maps of K. Let 
u, v: K + X be maps which agree on L. Then the separation element 
d(s(w), 8(v)) € 7,,,(sX) is defined. We need the following lemma: 


Lemma 4.1. d(s(u), s(v)) = —Ed(u, v). 


Proof. Let f: V", S'-! > K, L be a characteristic map for &". Let 
Pr, Y,: V" > S* denote the projections orthogonal to the hyper-plane of 
V’ on to the ‘northern’ and ‘southern’ hemispheres of S’ respectively. 
Then, by 10.1 of (7), d(w,v) and d(s(u), 8(v)) are the homotopy classes 


of maps g: S'> X, g’: St+1 + 8X 
such that 
9Pr=Uf, 9% =, Priv = 8(Uf), Ara = 8(f). 
Then applying 1.1 and 1.2 of (4) we can verify that 
g'((x, 8), t) = 8(g)((z, t), 8), 


where z € S’-!,se],teEJ. This implies Lemma 4.1. 

We can represent S’, r > 1, as a CW-complex by choosing, as charac- 
teristic map for the r-cell, the map y¢,: V", S’-1 > S', * of (4). Let 
u, v: S*, x > X, * be two maps. We have the lemma: 

Lemma 4.2. (—1)'d(u, v) = {u}—{v} € 7,(X, *). 

Proof. Now d(u,v) is the homotopy class of a map g: S" > X such 
that gp, = ud,, 99, = ve,. Applying 1.1 and 1.3 of (4) we find that 
__ { vA(ax, 2t) if0 <t<}, 

H2) =) (2,22) if} <t<1, 
where x € S*-! and A: S* > S’ is a map of degree (—1)’+!. Lemma 4.2 
follows by the definition of addition. 

Proof of Theorem 1.8. Let ;,P = S% (i = 1, 2,...,7) and let 


F:M="P->A, 


be a map strongly of some type. Let 7’: W = W(P) > sM be a homo- 
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topy inverse of @ which respects base-points and let + be the restriction 
of 7’ to S*+1 = sAP < W. Let @ be the (r+1)-cell of sM. Then, since 
6: sM — W preserves orientations, the map 7: S’+1, *« > sM, sM—@ is 
of degree 1. It is easily verified that ¢ = 4, H: 7,(A,..) > 7,4,(8A). 
Thus we have 

¢d(F’, F) = , Ed(F’, F) 
= —y,d(s(F’), 3(F)), by Lemma 4.1, 
= —y,d(s(F’)r,8(F)r), by 10.9 of (7), 
= (—1)"({ps(F’)r}—{ps(F)r}), by Lemma 4.2. 
Since however {s(F’)r} = c(F’) and {ps(F)r} = c(F), Theorem 1.8 


follows from Corollary 3.4. 


Proof of Theorem 1.10. Let h: A, > (Ag). be the combinatorial 
extension [see (3)] of h,,. By (1.6) and the definition of the Hopf—James 
invariants, 


H,,c(F) = (—1)'6h, d(F’, F) = (—1)'+1¢d(hF’ AF). 
Let v: V", S*-! + M, M—6&" be an orientation-preserving characteristic 
map for the r-cell & of M. Then —d(hF’,hF) has a representative map 


g: S" + (Ag) Such that gp, = hFv and gq, = hF’v. Since F is a map 
of type (a1, a ,...,«;)"-1, then by 1.1 of (4) and in the notation of (4), 


o(z,t) = Fain et : ; . 
Thus g is homotopic to a map g’ such that 

g' (x,t) = AF’ vit, x). (4.3) 
We have the commutative diagram 


v F’ , 
Mee ae ee 








where F” agrees with F’, q and q’ are injections, » is the collapsed 
product identification, ’ is the map on [(4) 194], A is a map of degree 
(—1)y+!, and G = h,, F’y-. Thus 


H,,(F) = (—1y¢{g} = —¢94{G} = — H{G}, 
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by 10.2 of (4). Let f;: S*—> A,,, (t = 1, 2,...,j) agree with the sections 
of F. Then Theorem 1.10 follows by the commutativity of the diagram 


¥ 


Bg X lige Mors King ——> My 
| \¥ 
k 


M —> Am, x An: Moca MK Aim) 


| ea 
G m 
S’ > (Am) < 





where 

f' =fAxhex..xfj, h" = ly, X lp, X «Xing & = hf", 
p and p’ are collapsed product identifications and where p’ agrees with 
the natural map, so that F’ = p’f’. 
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FINITE PRESENTATIONS OF GROUPS AND 
3-MANIFOLDS 


By D. B. A. EPSTEIN (Princeton) 
[Received 7 November 1960] 


THE deficiency of a finite presentation of a group is the number of 
generators minus the number of relations in the presentation. It has 
been known for some time that there is a connexion between the 
deficiency and the second homology group of @ (6,4). In this paper 
an inequality is proved which includes much of the known information 
in this direction. This inequality is essentially due to Professor P. Hall, 
whose help the author is glad to acknowledge. 

§ 1 consists of group theory only. In § 2 and § 3, the results of § 1 are 
applied to the fundamental groups of 3-manifolds. 

The author would like to thank Dr. E. C. Zeeman for his constant 
encouragement, and for simplifying one of the proofs. 


1. An upper bound for the deficiency 
Let P = {2,...,%p/11,---5%m} be the presentation of a group G. Then 


deficiency of P = def P = n—m. 


We define deficiency of G = defG = maximum of defP over all 
possible presentations P of G. 
We shall see from Lemma 1.2 that def G always exists if @ is finitely 


presentable. 
Let s(@) be the minimum number of generators of G. Let F be the 


free group on the n generators 2,,..., Z,. Let R be the normal subgroup 
of F, generated by 1,,..., 7, Then G ~ F/R. We have the lemma: 

Lemma 1.1. R/[F, R] is an abelian group generated by the m generators 
r[F, R],..., TnL F, R). 


R/(F, Ris abelian since [R, R] c [F, R]. Any element of R is of the 
fe 19s -1,e 
sass fro rt fie fo is Ses 
where f; ¢ F ande; = +1(1 <j < 8). So Lemma 1.1 follows. We have 


a second lemma: 
Quart. J. Math. Oxford (2), 12 (1961), 205-12. 
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Lemma 1.2. def P < rank H,(G; Z)—s(H,(G; Z)). 


We have the following diagram of abelian groups and homo- 
morphisms, in which the rows are exact 


0 —> [F, F]n R/[F, R] —~ R/[F, R] —> R/[F, FP] R—~ 0 


0 <— F/[F, F)R <— F/[F, F)<— [F, F)R/[F, F])<— 9. 
By a well-known result due to Hopf (2), 
H,(G; Z) ~ [F, F] 9 R/L[F, BR). 
Also H,(G@; Z) ~ G/[G@, G) = F/[F, FIR. 
So the diagram becomes 
0 —~ H,(G; Z) —~ R/[F, R] —~ A —~ 0 
0 <— H,(G; Z) — F/[F, F}<«— A<— 0. 
Since F'/[ F, F] is free abelian, so is A. Therefore the first exact sequence 
splits and RIUF, R] ~ H,(@;Z)-+A. 
Since A is free abelian, 
8(R/[F, R]) = 3(H,(G; Z))+<8(A). 
But s(R/[F, R]) < m by (1.1) and 
8(A) = n—rank H,(G; Z) 
by the second exact sequence. Therefore 
8(H,(G; Z))+n—rank H,(@; Z) < m. 
Then Lemma 1.2 follows. 
If G is a group such that equality is attained in Lemma 1.2, we say 


that G is efficient. The author suspects, but cannot prove, that 
(Zx Z,)*(Z x Zs) is not efficient. We have the lemma: 


Lemma 1.3. If G is a finitely generated abelian group, it is efficient. 


We simply use the canonical presentation of G. 
Let rank, V denote the dimension of the vector space V over the 
field Z,,, where p is a prime. Then we have the lemma: 


Lemma 1.4. If X is a free algebraic complex, finitely generated in 
dimensions 1 and 2, then 


rank, H,(X; Z,)—rank, H,(X;Z,) > rank H,(X; Z)—s(H,(X; Z)). 
We have inequality if and only if the canonical form 
A(X; Z) + Z+...424+2;,4..4+2;, (tlt. 1 <r < k) 
is such that k > 0 and p |i,. 








th 
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Let H = Tor(H,(X;Z),Z,). Then, by the universal coefficient 
theorem, 


H,(X; Z,) ~ H,(X; Z)@ Z, = (rank H,(X; Z))Z,+H, 
H,(X;Z,,) ~ Hy(X;Z)@Z,+H ~rZ,+H, 
wae r <(Hj(X;Z)) (pfiy), 


r = 8(H,(X;Z)) (p!%,). 
Therefore 


rank, H,(X; Z,) = rank H,(X; Z)+-rank, H, 
rank,, H,(X;Z,) = r+rank, H. 
Therefore 
rank, H,(X; Z,,)—rank, H,(X;Z,) = rank H,(X;Z)—r 
> rank H,(X; Z)—s(H,(X; Z)). 
Thus Lemma 1.4 follows. We have further lemmas: 
Lema 1.5. rank, H,(G; Z,)—rank, H,(G@; Z,) > def G. 


This follows from Lemmas 1.4 and 1.2. 

We say that G is p-efficient if there is equality in Lemma 1.5. If 
G is p-efficient, it is efficient. If G is efficient, then, by Lemma 1.4, 
it is p-efficient for some p. 


Lemma 1.6. If A and B are p-efficient groups, then A x B is p-efficient 
and def Ax B = def A+def B. 


For 
rank, H,(A; Z,)+rank, H,(B; Z,)—rank, H,(A; Z,)—rank, H,(B; Z,) 
= rank, H,(A * B; Z,)—rank, H,(A * B; Z,) 
> def Ax B > def A+def B (this follows by adjoining a presenta- 
tion of A to a presentation of B) 
= rank, H,(A; Z,)+rank, H,(B; Z,)—rank, H,(A; Z,)— 
So Lemma 1.6 follows. 
Lemma 1.7. If G has a presentation with only one non-trivial relation 
{21,..+,Z,/r}, then G is efficient and def G = n—1.T 
In the proof of Lemma 1.2, the only place where equality between 
n—1 and rank H,(G; Z)—s(H,(G; Z)) could break down is in Lemma 


+ The author wishes to thank C. T. C. Wall for his assistance in proving this 
lemma. 
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1.1: that is, we have equality in 1.2 unless R/[R, F] has 0 generators. 
If R/[R, F] = 0, then R = [R, F). By induction, 
R = [[...[[R, F], F),..., F), F] < [L... (LF, ¥, F,..., F), FJ. 
So R<flIL.-- (LF, F), F,..., F), F, 
where we take the intersection over all possible subgroups of the form 


given. By [(3) 38], R = 0. Therefore r= 1. But we have supposed 
r non-trivial. Therefore s(R/[/, R]) = 1, and Lemma 1.7 follows. 


2. The fundamental group of a 3-manifold 

All manifolds appearing in this paper will be connected, compact and 
triangulated. They may have boundaries. We have the lemmas: 

Lemma 2.1. If M is an n-manifold, there is a cell-decomposition of M, 
with only one n-cell, and with a simplicial (n—1)-skeleton. 

We simply abolish, one by one, interiors of (n—1)-simplexes in the 
triangulation of M. 

Lemma 2.2. If M is a 3-manifold with boundary, then 

def 7,(M) > 1— x(M). 

We deformation-retract M by pushing in the interior of one 2-simplex 
of Bd M until the 3-cell of Lemma 2.1 is entirely retracted into the 
2-skeleton of M. Let there now be p,, n-simplexes. A maximal tree 
contains (p,—1) 1-simplexes. There is therefore a presentation of 
7,(M) with p,—p +1 generators and p, relations. Therefore 

def7,(M) > py—pot+1—p, = 1— x(M). 

Lemma 2.3. If M is a closed 3-manifold, then defz,(M) > 0. 

We remove a small open 3-ball from M, obtaining a 3-manifold M’ 
with boundary. Now yx(M)=0 by Poincaré duality. Therefore 
x(M’) = 1. Also 7,(M’) ~ 7,(M). Therefore 

, defz,(M) = defz,(M’) > 1—y(M’) = 0. 

Lemna 2.4. If M is an n-manifold, there is at most one torsion element 
in H,,_,(M; Z), and this element (if it exists) is of order two. 

We use the cell decomposition of Lemma 2.1. By its construction, 
the boundary of the n-cell is either zero, or twice the union of certain 
n—1 simplexes (with appropriate orientations). Lemma 2.4 follows. 

We now use the result [(2.1) of (1)]: 

PROJECTIVE PLANE THEOREM. If M is a (compact) 3-manifold, there 
exists a finite set y of maps g,: S*—> M—Bd UM, which are a set of 
1,(M)-generators of 7,(M). Each map g, is semilinear. The images of 














ON GROUPS AND 3-MANIFOLDS 209 
J, and gg do not intersect if « AB. Each map g, is either non-singular, 
or identifies antipodal points. The image g,(S*) is a 2-sphere or a two- 
sided projective plane in M. 

Let n(M,y) be the number of « such that g, is non-singular. Then 
we have the theorem: 

THEOREM 2.5. 7,(M) is 2-efficient if M is a 3-manifold. 

We shall prove the theorem by induction on n(M,y) after proving 
some lemmas: 

Lemma 2.6. If n(M,y) = 0, then H,(M; Z) ~ H,(7,(M); Z). 

We attach one of P* to M for each a, by identifying the subspace P? 
with g,(S*). This does not affect H,. Also we have killed off z,. By 
attaching n-cells (n > 3), we obtain a K(1,(M),1). This does not affect 
H,, either. Lemma 2.6 follows. 

Lemma 2.7. If n(M,y) = 0, and M is closed, then Theorem (2.5) is true. 


0 = rank, H,(M; Z,)—rank, H,(M; Z,), by Poincaré duality, 
= rank, H,(7,(M); Z,)—rank, H,(7,(M); Z.), by (2.6), 
> defz,(M), by (1.5), 
> 0, by (2.3). 


Lemma 2.7 follows. 
Lemma 2.8. If n(M,y) = 0Oand Bd M F @, then Theorem (2.5) is true. 
1—y(M) = rank, H,(M; Z,)—rank, H,(M; Z,) 
= rank, H,(7,(M); Z,)—rank, H,(7,(M); Z.), by (2.6), 
> defz,(M), by (1.5), 
> 1—x(M), by (2.2). 
Lemma 2.8 follows. 

We can now proceed with the proof by induction on n(M,y). If 
n(M,y) > 0, there is at least one 2-sphere g,(S*) (denoted 8). 

Lemma 2.9. If S separates M, then Theorem 2.5 follows from the in- 
duction hypothesis. 

If we cut M at S and fill in the boundary 2-spheres thus created with 
3-balls, we get two 3-manifolds M, and M,. Let ;, denote the set of 
maps g, (except for the one giving rise to S) whose images lie in M,, 
and similarly for y,. Then y, is a set of 7,(M,)-generators of 7,(M,) and 
similarly for y,. We see this by attaching 3-balls to M, using all the 


maps g, and then taking the universal cover. From a Mayer-Vietoris 
3695 .2.12 P 
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sequence in the universal cover, we see that attaching 3-balls to M,, 
by means of the maps in ,, kills off 
H,(M,; Z) ~ 7,(Uh) = 7(M,), 

where M, is the universal cover of M,. Similarly, y, is a set of 7,(M,)- 
generators of 7,(M,). Now 
Theref nM, y) = n(M,, y;)+n(My, y2)+1. 

erefore n(M,,y,) < n(M,y), 

n(Mp, v2) << n(M, y). 

Therefore Theorem 2.5 holds for M, and M, by the induction hypothesis. 
aed m(M) = 7,(M,)*7,(M,). 
Therefore 7,(M/) is 2-efficient by Lemma 1.6. Lemma 2.9 follows. 

Lemma 2.10. If S does not separate M, then Theorem 2.5 follows from 
the induction hypothesis. 

If we cut UM at S and fill in the boundary 2-spheres thus created, we 
obtain a 3-manifold M’. Let y’ be the set of maps g, other than the 
one giving rise to S. Then z,(M’) is 7,(M’)-generated by the set y’. 
We see this by examining the covering space of M, each sheet of which 
is homeomorphic to M—S, and in which we cross to a new sheet, when- 
ever we cross S. In this space, we apply a similar argument to that 
in the proof of Lemma 2.9. Now 

n(M,y) = n(M’,y’)+1, 
and so n(M’,y') < n(M, y). 
Therefore Theorem 2.5 is true for M’ by the induction hypothesis. 
Now m,(M) ~ 2,(M’)* Z. 


So Theorem 2.10 follows from Lemma 1.6 since Z is 2-efficient. 
The proof of Theorem 2.5 is complete. 


3. Closed 3-manifolds 

Let M be a closed 3-manifold. Let y be a set of 7,(M)-generators 
of 7,(/) as in the projective plane theorem. The image of the Hurewicz 
homomorphism 7,(M) —~> H,(M; Z,) is generated by the maps g,. So, 
in determining the image, we can neglect those g, which identify anti- 
podal points, and those g, such that g,(S?) separates M. Let v(M) be 
the maximum number of times we can cut M at a 2-sphere g,(S*) for 
some «a, such that M remains connected. Let 5 be a subset of y con- 
taining v(/) such 2-spheres (written gg(S?)). We begin with the lemma: 
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Lemma 3.1. If M is closed, then 
rank, Im(7.(M) —~> H,(M; Z,)) = v(M) = defz,(M). 


Suppose M triangulated so that g,(S*) is simplicial for each a. We 
cut M at each gp(S?), to obtain a manifold M’ with boundary the union 
of 2v(M) 2-spheres. Any union of 3-simplexes in M’ whose boundary 
lies entirely in Bd M’ must cover the whole of M’. Therefore any union 
of 3-simplexes, in M, whose boundary consists entirely of 2-spheres 
gg(S*), must have each gg(S*) occurring twice in its boundary. There- 
fore there is no relation between the elements in H,(M; Z,) represented 
by the 2-spheres g,(S*). Therefore 

v(M) < rank, Im(z,(M) —~ H,(M; Z,)). 
On the other hand, each 2-sphere g,(S?) is homologous to a sum of the 
2-spheres ge(S*) since g,(S*) separates M’, or g,(S*) = ge(S*) for some B. 
The first equality of Lemma 3.1 follows. 


We can make M into a K(7,(M),1) by attaching 3-balls to M, by 
means of the maps g, and then adding n-cells (n > 3). Therefore 


H,(7(M); Z,)+ Im(7(M) —> H,(M; Z,)) ~ H,(M; Z,). 
Therefore 
rank, H,(7,(M); Z,)+v(M) = rank, H,(M; Z,) 
by the first equality of Lemma 3.1. By Theorem 2.5, 
def7,(M) = rank, H,(7,(M); Z,)—rank, H,(7,(M); Z,) 
= rank, H,(M; Z,)—rank, H,(M; Z,)+»(M) 
=v(M) by Poincaré duality. 


Lemma 3.1 follows. 

If we cut M at a 2-sphere S which does not separate M, and fill in 
the boundary 2-spheres thus created with 3-balls, we get a closed 
3-manifold M’. Then 7,(M) ~7,(M’)*Z. Therefore we have the 
lemma: 


Lemma 3.2. For some closed 3-manifold N, 
m,(M) =~ 2,(N)*& Z% Z...% Z, 
where there are v(M) cyclic infinite free factors. 


It is possible to prove that 7,(N) contains no cyclic infinite free 
factors, but we will not concern ourselves with this point. We have 
the theorem: 





q 
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THEOREM 3.3. The following is a complete list of abelian groups which 
can be fundamental groups of closed 3-manifolds: Z, Z+-Z+-Z, Z+-Zs, 
and Z,. 


This theorem was first proved by Reidemeister (5). 

Since a free product is not abelian, we see from Lemma 3.2 that 
v(M) = 0 unless 7,(M) ~ Z. Excluding the case 7,(M) ~ Z, we see 
from Lemma 3.1 that defz,(M) = 0. The only abelian groups whose 
deficiencies are zero are those listed and also Z+ Z, (r > 2). 

Let 7,(M) ~ Z+Z,. Since Z+ Z, is not a free product, we see from 
van Kampen’s theorem that there is no essential 2-sphere in M. (We 
recall that a compact 3-manifold with only one boundary component 
and zero fundamental group, is a homotopy 3-ball). By Lemma 2.6, 


H,(M; Z) ~ H,(7,(M); Z) = Z,. 


From Lemma 2.4 we see that r = 2. Theorem 3.3 follows. We con- 
clude with the theorem: 


THEOREM 3.4. If M is a closed 3-manifold, and 7,(M) has only one 
non-trivial relation, then 


m4(M) ~ Zx...%Z%Z, or Z%...%Z. 


Let the presentation of 7,(/) with only one relation have n generators. 
By Lemma 1.7, defz,(M) = n—1. By Lemma 3.1, defz,(M) = v(M). 
By Lemma 3.2, 7,(M) ~ A*Zx...%Z with n—1 cyclic infinite free 
factors. By Grusko’s Theorem [(3) 58], using the n generators of 7,(/), 
we easily see that A is isomorphic to some quotient group of Z. 
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SINGULAR SYSTEMS OF AN EVEN NUMBER 
OF PARTIAL DIFFERENTIAL EQUATIONS, 
OF MAXIMUM RANK 


By D. H. PARSONS (Reading) 
[Received 12 November 1960] 


WE consider a system of n differential equations of the first order, with 
two independent variables x and y, and n dependent variables 2z,,..., z,, 


$;(x, Ys 52009 Sn» Pyr-+e> Ps W19-> In) =0 
(p; = 02,/Ox, q; = O2z,/dy, 1 = 1,...,). 
The system is singular (1) if, for general values of x, y, 2,,...5 2,5 Pis-++» Pns 
J15-++) Un Satisfying the equations of the system, the determinant 
06 gy 2% a i 
qi. 
is identically zero for all values of és ratio dy/dz. The system is of 
rank r (r > 1) if the matrix 
Uu= Bs dy — a; ae| 
Op, 09x 

is of rank n—r, for general values of dy/dx, and for general values of 
the variables satisfying the equations of the system [see (4) ]. 

Furthermore (4), the rank of the system is equal to the number of total 
differential equations which can be deduced by eliminating 9,..., p,, 
J1>-++» Un, between the equations of the system and the equations 

dz,—p,dx—q,dy= 90 (t= 1.,...,m). 

It follows that any two singular systems which are algebraically equiva- 
lent must have the same rank. 

We suppose the system analytic and of fully reduced form, i.e. solved 
for n of the variables x, y, 24,..-, Zn3 Pyss++> Pn» Q1-++) In» Then we can at 
once remark that 2r < n. For taking dy = 0, dx = 1, we see that 


O(4;---s $n) Pn) 

(9,;-- O(Gas--+> In) 
is of rank not exceeding n—r for general values of the variables satis- 
fying the equations of the singular system. Hence we can deduce at 
least r distinct equations not containing q,,..., q,- Similarly, we can 
deduce at least r equations not containing 7),..., p,. Since we also 
suppose, as usual, that we cannot deduce, as an algebraic consequence 
Quart. J. Math. Oxford (2), 12 (1961), 213-16. 
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of the given system, an equation not containing any partial derivative, 
it follows that these last equations, at least 2r in number, are distinct: 
hence 2r < n. 

Now, the difficulty of constructing general existence theorems for 
singular systems appears to be connected with the fact that these 
systems are not of general form: the functions ¢; have to satisfy the 
partial differential equations which express the fact that the matrix 
M is of rank n—r only. Thus it is of interest to determine the possible 
forms of various classes of singular systems. The following two cases 
have already been fully investigated: 

(i) Singular systems of two equations. I have shown (2) that these are 
necessarily linear and equivalent to a single, linear total differential 
equation. 

(ii) Singular systems of three equations. These are necessarily of rank 
1. For, since 2r < 3, it follows that r = 1. I have shown (3) that these 
systems are of three different types: namely, Type I, equivalent to a 
linear total differential equation, together with a partial differential 
equation of the first order of any form; Type II, equivalent to a single, 
quadratic total differential equation; Type III, obtained from the 
elimination of an additional ‘parametric’ variable, whose differential 
does not occur, between two linear total differential equations. 

We shall now consider singular systems of an even number 2m of 
equations, of maximum rank (i.e. of rank m). Since m total differential 
equations can be deduced from such a system, and since a total differen- 
tial equation of any form is equivalent to at least two partial differential 
equations, we should expect to find that the given system is entirely 
equivalent to the m total differential equations. We shall see that this 
is so and furthermore that the latter are linear. 

The matrix M being, by hypothesis, of rank m, we see as above that 
we can deduee from the given system m distinct equations not contain- 
ING q},---» Jom, and m more not containing 7,,..., Po,. Since we suppose 
that we cannot deduce a finite equation, the former may be supposed 
solved for m of p,,..., Pom, SAY for py,..., Pm. Thus let the given system be 


Pita, Y; 21 5+++5 Zams Pm+i9-++» Pam) = 0 (¢ _ ies 
F(X, Y, 2y5+++) Zams Q19-++9 Jam) = 9 (7 = 1,...,m) 
the last m equations being supposed solved for m of the variables z, y, 


(1) 


— a oe 
Then either we can solve the last m equations of (1) for q,,..., ¢,, (for 
general values of the variables satisfying the system) or we cannot. 
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In the latter event, we can eliminate q,,..., 7,, between these equations, 
obtaining at least one equation not containing q,,..., 7,,, but containing 
at least one of ¢,,41,--+) Yom: Let us suppose that such an equation 
contains q,,,,- Then, for general values of the variables satisfying (1) 
(by our hypothesis that the system is analytic and solved for 2m of the 
variables), we can solve the latter equation for q,,,, and write the system 
in the form 
Pithilz, Ys 215+++> Zam Pm+i9+** Pom) = 0 (¢ a 1,..., m) 
Im+it F(x, Y, 245+) Zams Im+29-++> Yom) = 0 » (2) 
G(X, Y, 245+++5 Zams Va9-++ Jam) = 9 (Jj = L,....m—1) 

the functions G; not containing ,, ,;. 

But the determinant formed from the first m+ 1 rows and columns 
of the matrix M, for the system (2), is 


dy O ©. . « 0  (Gf,/OPm+s) dy 
O dy . . . 0  (@8f;/@Pm+1) dy 
= —dx(dy)”. 
0 0 . « « dy (Fm/2Pm+1) dy 
= are. —dx 








This determinant is non-zero when dady ¢ 0, contrary to the hypo- 
thesis that the given system is of rank m. 

We thus reach a contradiction by assuming that the last m equations 
(1) cannot be solved for qj,..., G,: and, accordingly, we suppose that 
the given system is written in the form 

Dit Fil, Ys Z15-++2 Zam Pr+is-++> Pom) = 0 | (i nike 1,..., m). (3) 
Jit Gil©s Ys Z15-++) Zam> Um+ve**s Jom) = 9 J 

Equating to zero the determinant formed from the first m-+-1 rows, 
and from the first m and the (m+k)th column, of the matrix M for the 
system (3), we have 





dy ee ee ee (2f:/OPm+n) dy 

0 dy . . « O  (Pf2/Pm+x) dy 
0 0 ean . dy (2mm /°Pm+k) dy 
—de O . . « 0 ~(093/84mn 4%) dx 





= da(dy)"{6f,/Opm+x—291/Gm+x} = , 
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i.e., since dx and dy are arbitrary, 
f1/OPn+t = 93/09 m+k- 
Again, interchanging the first and ith rows (i < m), the (m+1)th and 


(m-+1)th rows, and the first and ith columns of the matrix, and pro- 
ceeding as before, we obtain 


Of :/OPmn+t = 99:/0dmsz (t,% = 1,...,m). 


But 9,..., Jm do not contain p,,,1,---; Pom, While f,,..., f,, do not contain 
Im+1>-*+> Yam. We therefore have 


Of :/OPm+x _ 095/04 m+k +z A;4(X, Y, 215+++5 Zam) (2, k= 1,...,™). 
Integrating, we obtain 


fi => Vie Pins t; 
K1 


m 
Ii = 2% Im+k +e 


where all the a;,, b;, c; are functions of 2, y, 2,,..., Zo, only. The given 
system is therefore equivalent to the linear system 


m 
Pit 2 Vie Pmikt 5; = 0 


a (¢ = 1,...,%), (4) 
Ut 2 tie Imse te =0 


which is easily seen to be of rank m since the (m+i)th row of the 
associated matrix M is proportional to the ith row, while the leading 
diagonal minor of order m is equal to (dy). 

The system (4) is clearly entirely equivalent to the system of m 
distinct equations of Pfaff 


dz, + Fay dz,,,+b,de-+edy=0 (6 =1....,m), (5) 
k=1 


and we have the result that every singular system of 2m equations, of 
rank m, is equivalent to a system of Pfaff of the form (5). 
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THE GENUS OF AN ALGEBRAIC CURVE 
By D. KIRBY (Leeds) 


[Received 30 November 1960] 


1. Introduction 
In the classical formula 

p = 3(n—1)(n—2)—43 7,(r7,—1) 
for the genus of an irreducible plane algebraic curve C, the presence of 
a singular point P on C appears to reduce the genus of C by a finite 
sum $>7;,(r;—1), where the r; are the multiplicities of C at P and at 
the points in the neighbourhood of P. In (1) Apéry showed that, if C 
consists of a single branch at P, then this reducing effect can be calculated 
without first calculating the multiplicities r;. More recently Hironaka 
[(2) Theorem 1] and Northcott [(6) Theorem 4] have generalized Apéry’s 
result to include the case in which C does not consist of a single branch 
at P. 

By constructing a projectively normal model of an algebraic curve 
Hironaka [(2) Theorem 2] has obtained the genus formula for a curve 
in space of any dimensions defined over an algebraically closed ground- 
field. The present definition of the genus is a generalization of Hironaka’s 
formula to (composite) curves defined over an arbitrary ground-field. 
Since a curve can acquire further singularities when the ground-field 
is extended [see Zariski (10) 2, examples 1 an’ 3], such an extension 
may alter the genus of a curve; thus the main result of the present 
paper cannot be deduced from Hironaka’s result in any simple manner. 

In § 2-4 we use the concepts and results of (3) and (4) in order to 
demonstrate the invariance of the genus of a curve under birational 
transformations. Tne final section is devoted to proving that, if the 
ground-field is algebraically closed, then the genus of every irreducible 
curve is non-negative. 


2. The local ring of a variety at a sub-variety 

Let K be an arbitrary field, and let K[%p,...,2,,] = K[x] denote the 
polynomial ring in m+1 variables 2p,..., 2, with m > 2. We shall 
frequently be concerned with several ideals each in a different poly- 
nomial ring. When this happens, it should be understood that each 
ring has the same coefficient field K, and each ideal is homogeneous. 
Quart. J. Math. Oxford (2), 12 (1961), 217-26. 
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In particular, if we say that b is a birational transform of a, then we shall 
mean that a and b are homogeneous ideals in different polynomial rings 
and that they are birationally equivalent in the sense of (4). 

Let p be a homogeneous prime ideal of K[{x] with positive dimension, 
and let a be a homogeneous ideal of K[x] which is contained in p. The 
local ring of a at p is denoted by Q(p/a); Q(p/a) is the residue ring of 
the ring of quotients of forms of the same degree ¢4(x)//(x), where 
u(x) € p, modulo the ideal with numerators ¢(x) € a. In the case when 
a = p the local ring of p at p is simply the field of rational functions 


on p. 
If A(x)¢(x) € a for some A(x) ¢ p, then for a suitable form (x) ¢ p we 
see that (2) 


Wiz) = Ibe ACM) 
is a representative of the zero in Q(p/a). Thus the set of all numerators 
of representatives of zero in Q(p/a) is the set of forms of the (K[x]—p)- 
component of a [see (5) 17]. We shall regard the zero ideal of Q(p/a) 
as the extension of a to Q(p/a), and the (K[z]—p)-component of a as 
the contraction to K[x] of the zero ideal of Q(p/a). 

In a similar manner, if b is a homogeneous ideal of K[z] such that 
p > b 2 a, then we define the extension E(b) of b to Q(p/a) as the ideal 
of Q(p/a) for which each element has at least one representative 4(~) /:/(x) 
such that ¢(x) € b. If 6b is a proper ideal of Q(p/a), we define the cor- 
traction C(b) of b to K[z] as the homogeneous ideal whose forms are 
the numerators of representatives ¢(x)/y(x) of elements of b. Clearly 


E(C(b)) = 6b and C(E£(b)) = b. 


In fact C((b)) is the (K[x]—p)-component of b, so that C(H(b)) = b 
if and only if every prime belonging to b is contained in p [see (5) 17, 
Proposition, 7]. Consequently there is a one-one correspondence be- 
tween the proper ideals of Q(p/a) and the homogeneous ideals of K[z] 
which contain a and whose primes are all contained in p. 

This one-one correspondence leads to the following results which we 
shall need later. 

(a) If q is a homogeneous p-primary ideal of K[x] which contains a, 
then C(H(q)) = q and E(q) is primary for the maximal ideal E(p) of 
Q(p/a). 

(6) If q is as in (a), then the length of a composition series of p- 
primary homogeneous ideals from q to p is equal to the length of E(q) 
as an ideal of Q(p/a). 





a a a 








ee. 
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(c) If b is a homogeneous ideal of K[x]such that p is a minimal prime 
ideal of b+-a and if q denotes the p-primary component of b+a, then 
E(b+a) = E(q) and E(b"+a) = {E(q)}" 
for alln >1. Thus, by (6), the length of a composition sequence of 
homogeneous p-primary ideals from the p-primary component of b”+-a 

to p is equal to the length of {#(q)}" as an ideal of Q(p/a). 

In the present paper we shall usually be concerned with the situation 
described above for the particular case in which p has dimension | and 
a is the intersection of a finite number of two-dimensional (homogeneous) 
prime ideals. Thus, in geometric language, we shall be considering the 
local ring of a (composite) curve at a point; Q(p/a) is then a one- 
dimensional geometric local ring whose maximal ideal does not consist 
entirely of zero-divisors. Hence the zero ideal of the completion of 
Q(p/a) is the intersection of prime ideals, so Q(p/a) has a finite defect 
[see (3) Theorem 4] which we shall denote by A[Q(p/a)]. 


3. The genus of a curve 

Let a be an ideal of K[x] which is the intersection of a finite number 
of two-dimensional homogeneous prime ideals, and let H(a;a) be the 
Hilbert function of a, i.e. H(«;a) is the number of forms of degree a in 
K{x] which are linearly independent modulo a. Since a is two-dimen- 
sional, for « sufficiently large H(a; a) has a polynomial expression x («;a), 
where (a; a) is of degree 1 in a. If we write 


x(a; a) = Aa+(1—B), 
then A is usually called the order of a, ord(a). We shall call the integer 


B the apparent genus of a and denote it by ji(a). 
We define the genus of a as the integer 


p(a) = pla)— > ord(p,) A[Q(p;/a)], (1) 
where the sum is taken over all one-dimensional homogeneous prime 


ideals p; which contain a, and ord(p,) is the positive integer y(«; p,). 
We now show that the sum in (i) is effectively finite. Let 
a= p,9...N®, 
be a normal decomposition of a, so that the p; are two-dimensional prime 
ideals. Only a finite number of one-dimensional homogeneous prime 
ideals p; can contain more than one j,;, namely the one-dimensional 
primes belonging to the 4s(s—1) ideals $;+ , (j # &). But, if p; con- 
tains p; only, Q(p,/a) = Q(p,/p,;) and Q(p,/p,;) is a regular one-dimen- 
sional local ring for all but a finite number of ideals p, [see (10) corollary 
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to Theorem 11]. Moreover, if Q(p;/a) is a regular local ring, it is in- 
tegrally closed and A[Q(p,/a)] = 0. Therefore A[Q(p,/a)] 4 0 for only 
a finite number of one-dimensional prime ideals p,. 

If Q(p,/a) is a regular local ring for all p;> a, we shall say that a 
represents a non-singular curve; thus if a represents a non-singular curve 
we see from (1) that the genus of a is equal to the apparent genus of a. 
Conversely, if the genus of a is equal to the apparent genus of a, then 
A[Q(p,/a)] = 0 for all one-dimensional homogeneous ideals p; > a. And, 
since the maximal ideal of Q(p,/a) does not consist entirely of zero 
divisors, this implies that the reduction number of Q(p,/a) is zero [(3) 
Theorem 4]. Therefore Q(p,/a) is a regular local ring for all p, [(7) 
Theorem 2]. Thus we have proved the theorem: 


THEOREM |. The ideal a represents a non-singular curve if and only if 
its genus is equal to its apparent genus. 


4. The invariance of the genus 

Using the definition of birational transformations given in (4) we 
devote the present section to proving that, if the ideal b is a birational 
transform of a, then p(b) = p(a). We do this in two stages. Firstly 
we show that, if a and b represent non-singular curves, then p(a) = p(b); 
and secondly we prove that a has a birational transform a’ which 
represents a non-singular curve such that p(a) = j(a’). 

Let a be the intersection of a finite number s of two-dimensional 
homogeneous prime ideals, and let b be a birational transform of a. 
Then b is also the intersection of s two-dimensional prime ideals [(4) 
Corollary 1 of Theorem 5]. Let 


Yj = f(z) (j = 0,...,”), “= gily) (t = 0,..., m) 
be the equations of the induced rational transformations between a 
and b, where a is an ideal of K[z»,...,2,,] and b is an ideal of K[yo,..., y¥,]- 
Using the notation of (4) we see from equation (5) of § 3 of that paper 


548 x(a+HB; a)— x(a, B; a, f) = x(B+va; b)—x(B, «; b, g), (2) 
where » and v are the degrees of the forms f,(x) and g;(y) respectively, 
and f and g denote the ideals ( f,(2),...,f,,(x)) of K[a] and (go(y),.--; Im(Y)) 
of K[y] respectively. The polynomials (a+; a), x(8-+va;b) can be 
obtained directly from the Hilbert polynomials of a and b. We wish 
also to calculate x(a,8; a,f) and x(8,«; b,g). It will, of course, suffice 
to consider x(a, 8; a,f), so we require a polynomial expression for the 
Hilbert function H(a+pf; a+ff). 

Since a: f = a [(4) Theorem 1], f is contained in no prime ideal of a. 
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Therefore a+ has dimension 0 or 1. Moreover, the radicals of a+? 
are the same for all 8 > 1; hence either a+? is primary for 


X = (Lp,..., Fy) 


or a+f? has a set of minimal prime ideals p,,..., p, which are the same 
for all 8 > 1. In the first case H(a+pB; a+f?) = 0 for each B when « 
is large enough. Whence we deduce that the polynomial x(q, 8; a, f) is 
zero at infinitely many values of « for each large f, i.e. x(a, 8; a, f) = 9. 
In the second case we fix 8 and note that, for all large a, H(a +8; a+?) 
has a polynomial expression 


x(a-+pB; a+f8) = ord(a+ fF) =  ord(p,)-{ai(B)} 


where #{q,(8)} is the length of a composition series of p,-primary 
homogeneous ideals from the p,-primary component, q,(8), of a+f® to 
p, [see van der Waerden (8)]. However, if §; is the extension of a+f 
to the local ring Q(p,/a), then, by (c) of § 2, #{q,(B)} is equal to the 
length of 98 in Q(p,/a). Therefore, if 8 is sufficiently large, 


F{q(B)} = PL (a) = e;B—p;, 


where e; is the multiplicity and p; is the reduction number of 4,. 
Consequently the polynomial 


x(a, B; a, f)— ¥ ord(p,)(e,B—p.) 


is zero at infinitely many values of « for each large 8. Hence 


x(a. B; a, f) = ¥ ord(p,)(¢,B—po) (3) 


When p 2 q 2 a and q is a p-primary homogeneous ideal, we shall 
refer to the multiplicity and reduction number of the extension of q 
in Q(p/a) as the multiplicity and reduction number of q itself. Thus 
the integers e;, p; which appear in equation (3) will be referred to as 
the multiplicity and reduction number of the p,;-primary component of 
the basis [(4) § 4] of the rational transformation from a to b. 

Similarly, we obtain a relation 


r 
x(B, «; b, g) = 2 ord(vi)(e:«—Pi): (4) 


where pj,..., p;, are the one-dimensional primes of b+g and e:, p; are 
the multiplicity and reduction number of the pj-primary component 
of the basis of the rational transformation from b to a (i = 1.,...,7’). 
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Substituting (3) and (4) into equation (2) and equating coefficients 
we have 


ord(a) = vord(b)— > ord(p;).é;, 
i=1 

ord(b) = pord(a)— 5 ord(p,;) .é;, 
i=1 


pla)— ¥ ord(,)-p, = p(b)— ¥ ord(y%)-. (5) 


It should be noted that, if the ideal a+f of K[x] or the ideal b+ g of 
K{y] have no one-dimensional components, then the corresponding 
sums in the above equations should be omitted. The first two equations 
above have obvious geometric interpretations: namely, if a curve U is 
transformed birationally into a curve V by means of primals of order 
pw, then the order of V is equal to » times the order of U less the sum 
of the multiplicities of the base points of the transformation. Equation 
(5) is of a rather different character and we shall see that it implies 
that the genus is a birational invariant. We prove the theorem: 


THEOREM 2. If b is a birational transform of a, and if a and b represent 
non-singular curves, then the apparent genus of a is equal to the apparent 
genus of b. 


Proof. If p is a one-dimensional homogeneous prime ideal contain- 
ing a, then Q(p/a) is a regular one-dimensional local ring since a 
represents a non-singular curve. Hence Q(p/a) is integrally closed and 
A[Q(p/a)] = 0. Therefore every ideal of Q(p/a) which is primary for 
the maximal ideal has a zero reduction number [(3) Theorem 4]. Thus 
the left-hand side of equation (5) for the birational transformation 
between a and b is simply f(a). Similarly the right-hand side is equal to 
p(b), and p(a) = p(b). We have also the theorem: 


THEOREM’ 3. The ideal a has a birational transform a’ such that a’ 
represents a non-singular curve and the apparent genus of a’ is equal 
to the genus of a. 


Proof. If a represents a non-singular curve, we can take a’ = a, and 
the result follows from Theorem 1. 

Suppose that a does not represent a non-singular curve. Let p,,..., p, 
be the only one-dimensional homogeneous prime ideals containing a 
for which A[Q(p,/a)] #4 0. Let G,; be an ideal of Q(p,/a) which is primary 
for the maximal ideal of Q(p;/a) such that the reduction number of §; 
is equal to A[Q(p,/a)] (¢ = 1,...,r): for example we may choose §; to 
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be the conductor to Q(p,/a) from its integral closure in the full ring of 
quotients [see (3) Theorem 4]. Let q; be the contraction of §; to K[z]. 

We apply a monoidal transformation of degree » to a with q, 9... q, 
as basis, and so obtain a birational transform a’ of a [see (4) § 4]. 
Since the reduction number of q; is A[Q(p,/a)], we see from the con- 
cluding remark of (3) that equation (5) applied to the monoidal trans- 
formation between a and a’ yields 


Bla)— ¥ ord(p,).A[Q(v,/a)] = Bla’), 


i.e. the genus of a is equal to the apparent genus of a’. We must now 
prove that a’ represents a non-singular curve. 

Suppose that a’ does not represent a non-singular curve, so that 
pla’) < f(a’). We can now apply a monoidal transformation as above 
to a’ and construct an ideal a” such that p(a’) = p(a”). However a” is 
a birational transform of a and applying equation (5) we have 


pla) < pa"). 
We have therefore proved that 


p(a’) < pla’) = pla) < pla") = pla’), 
i.e. p(a’) < p(a’). Consequently a’ must represent a non-singular curve. 

Theorem 2 and 3 together establish the theorem. 

THEOREM 4. If b is a birational transform of a, then the genus of b is 
equal to the genus of a. 

Proof. Construct, in accordance with Theorem 3, ideals a’ and b’ 
such that a’, b’ represent non-singular curves, and a, a’ and b, b’ are 
birationally equivalent. We then have f(a’) = p(a) and p(b’) = p(b). 

However, a’ and b’ must also be birationally equivalent, so that 

pla’) = p(b’) 
by Theorem 2. Hence p(a) = p(b). 
5. The genus of an irreducible curve 

Our final theorem shows that, if the ground-field K is algebraically 
closed, then the genus of a two-dimensional prime ideal of K[z] is non- 
negative: 

THEOREM 5. Let a be a two-dimensional homogeneous prime ideal of 
K{x], and let K’ be the field of functions on a. If K is algebraically closed 
in K’, then the genus of a is non-negative. 


Proof. We can find a birational transform a’ of a such that 
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p(a) = p(a’) (Theorem 3). The field of functions on a’ is then K’ [(4) 
Corollary 1 of Theorem 4]. Consequently it suffices to prove that the 
apparent genus of a is non-negative. 

Let ¥ denote the ideal (zp,...,z,,) of K[x], and let ¢ be a form of K[zx] 
of arbitrary degree a such that ¢¢a. Then the ideal a+(¢) can be 
written in the form b/N q, where X is not a prime ideal belonging tothe 
homogeneous ideal b, and q is either K[z] or an X-primary homogeneous 
ideal [(9) Theorem 2]. 

We first prove that every form @ of degree « in b is also a form of 
a+(¢). Since q is either X-primary or equal to K[x], we can find an 
integer » such that q > X+. Let w be any power product of degree uv 
in K[{x]; then w# € q and @eb. Therefore 


wh EbNg = a+(¢). 


If w,,..., w, are all the power products of degree », we then have 





w,O— Laywjge a (¢ = 1....,¢) 
r 
for suitable coefficients a;;¢ K. Denoting by 
+b, B1b+... +b, $° 
the expansion of the determinant det(5;;—a,;¢) we have 
b,eK (¢ = 1....,8), 
w (+b, -16+...+6,¢%)Ea (t = 1,...,8), 


so that X+(68+-b, —16+-...+5, 6%) € a. 
But a (+ &) is prime; therefore 
0°+-b, 08-16+-...+-5, d* € a. (6) 


Since ¢ ¢ a, the quotient 0/¢ is a representative of an element of the 
field of functions K’ on a. Equation (6) therefore shows that 6/¢ is 
a representative of an element of the algebraic closure of K in K’. 
But K is algebraically closed in K’, so that 6—A¢ € a for some A in K, 


ie. 0€ a+(¢). 
Denoting by r(«) the K-module of forms of degree « in K[x], we have 


proved that r(a) Nb = x(a) N [a+(¢)]. (7) 


Since q is X¥-primary and X is not a prime belonging to b, we can 
find a form ¢% of q which is contained in none of the prime ideals of b. 
Moreover the degree £ of 4 can be chosen arbitrarily large. Hence 


{a+(¢)}: (pb) = (6 q): () = b: (¥) = b. 
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Combining this result with (7) we deduce 
r(x) O [fa+(4)}: (%)] = x(a) N [a+(4)]. (8) 


The theorem will now follow from relations between the lengths of 
various K-modules. Since 


a+(¢)+(%) => a+(¢) 2 a, 


we have 
PL7y{t(a+B)/t(a+B) 9 a} 
= Ly{t(a+B)/e(a+B) 0 [a+ (b)+(h)}}+ 
+Lx{r(o+B) 1 [a+(b)+(#)]/t(a+B) 9 [a+(¢)}}+ 


+PHx{t(a+B) M [a+($)]/t(a+f) 9 a}. 
But 


PL x{t(a+B) 9 [a+($)+($)]/t(a+B) 9 [a+(¢)]} 
= Lylr(a+B) 0 (p)/t(a+B) 9 (4) N [a+(4)]} 
= Ly{r(x)/r(x) A [a+(d):(%)]}, since % has degree B, 
= Lx{r(x)/t(x) M [a+(¢)], from equation (8), 
= Lyf{r(x)/r(a) N a} —PA_f{r(a) N [a+(P)]/t(«) A a}. 
However, ¢ has degree a, and so 


PH x{e(a) N [a+(g)]/t(x) N a} = 1. 
Similarly, 


L yc{e(a+B) 0 [a+ (P)]/t(a+B) 9 a} = La{r(a+B)O (P)/e(a+B) 9 (p) 9 a} 
= Lx{r(B)/e(B) 9 [a:(4)]}, 


since ¢ has degree «. However, a is prime and ¢ ¢ a; therefore a: (¢) = a. 
Thus we have proved that 


Ly{t(a+B)/t(a+B) 9 a} = Le{r(a+B)/r(a+B) 9 [a+ (P)+()]} 
4+ Lyefe(a)/t(a) N a}+ Lyxfe(B)/x(8) 0 a}—1. (9) 
Since a has dimension 2, we can find an integer a) such that 
Lx{t(x)/t(a) 0 a} = H(a; a) 
can be represented by the polynomial expression 


a«.ord(a)—p(a)+1, for a > a. 
3695 .2.12 Q 
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The degrees a, 8 of ¢, % can be chosen arbitrarily large. Thus, if we 
choose a, 8 > ay, equation (9) gives 

(a+B)ord(a)—p(a)+1 = H(a+B; a+(¢)+($))+ 

+aord(a)—(a)+1-+f ord(a)—p(a)+1—1, 

i.e. pla) = H(x+B; a+(¢)+(p)) > 0. 
Therefore the apparent genus of a is non-negative. 

If K is not algebraicaliy closed, then one would expect to be able 
to find a two-dimensional prime ideal a of K[2,..., x,,], for m sufficiently 


large, such that the genus of a is negative. 
For example, if K is the field of real numbers, then the ideal 





a = (13+ 27, 23+-22, 2) X12, 1g, 1, Lo—Xy Xp) 
of K[xo, x1, 2, 3] is prime and it represents a non-singular curve (namely, 
a pair of non-intersecting conjugate lines). H(a;a) = 2a+2 for « > 1, 
and so the genus (and apparent genus) of a is —1. 
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ON THE NATURE OF THE SPECTRUM IN 
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1. In relativistic quantum mechanics, the problem of a particle in a 
field of potential V which is a function of the radial coordinate r only 
depends on the solution of a pair of simultaneous equations of the form 

(W—V+-me*)py(r) = cfyfo(r)—Up,(r)/r}, (1.1) 

(W—V—me*)fo(r) = —etyy(r) +Up,(r)/r}. (1.2) 
Here | is a positive integer, W is the energy and is the eigenvalue 
parameter, m is the mass of the particle, and c is the velocity of light. 
The units have been chosen so that the constant / of quantum theory 
is unity. The problem to be considered is that of the nature of the 
spectrum when the function V = V(r) satisfies given conditions. By 
the spectrum I mean the set of values of W which contribute to the 
formula for the expansion of an arbitrary function in terms of the 
solutions of (1.1), (1.2). 

A similar problem was‘ considered by Plesset (1), but in his paper 
the spectrum is regarded as being continuous or discrete according to the 
asymptotic character, oscillatory or otherwise, of the solutions of the 
differential equations. As will be seen, the two different points of view 
lead to some differences in the conclusions to be drawn from the analysis. 
My analysis is also more general than Plesset’s in that his function V(r) 
is a polynomial in r or in 1/r, whereas mine can be any sufficiently well- 
behaved function. 

The conclusions reached by Plesset are as follows. If V(r) is a poly- 
nomial in r, there is a continuous spectrum over the whole range 
(—oo,00). If it is a polynomial in 1/r of degree greater than 1, the 
spectrum is again continuous, but in the Coulomb case V(r) = a/r it 
is discrete over the interval —mc? < W < me?. If V(r) contains both 
positive and negative powers of r, the spectrum is continuous over 
(—00, 00). 

My results agree with those of Plesset if V(r) is a polynomial in r, 
but not if it is a polynomial in 1/r of degree greater than the first. It 
Quart. J. Math. Oxford (2), 12 (1961), 227-40, 
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will be shown that the singularity at the origin then leads to Weyl’s 
limit-circle case. There is an expansion formula containing an arbitrary 
constant, and for each value of the constant the spectrum is discrete 
over the range —mc? < W < mc*. The solutions are oscillatory as 
r — 0 for all real values of W, but in Weyl’s theory this indicates not 
a continuous spectrum but the limit-circle case. 


2. In my paper (2) I considered the theory of eigenfunction expan- 
sions associated with a pair of simultaneous equations of the form 
P(r )y(7) +-9(r alr) +9(7)—Apy(r) = 0, (2.1) 
(r)fy(7) + U(r )2(7) Py (7) —Apa(r) = 0. (2.2) 
The equations (1.1), (1.2) are the particular case in which 
p(r) = c-1V(r)—me, g(r) = —l/r, u(r) = eV (r)+me, 
and A = W/c. I begin by making some further remarks on the general 


case. 
Suppose first that p(r), etc., are all absolutely integrable down to 
ry = 0. Then there are solutions 


w= oa [ 


$e 
of (2.1), (2.2) which have given real boundary values at r = 0, say 
6,(0,A) = cosa, 6,(0,A) = sina ) (2.3) 


$,(0,A) = —sina, ¢,(0,A) = cosa J" 
Let @(r,A)+/d(r,A) be the solution which satisfies a real boundary 
condition at r = b, say 

{6,(b, A) +1¢4(b, A)}cos B+ {0,(b, A) +1¢4(b, A)}sin B = 0. 
This equation determines J. If b->0o and imA + 0, | tends either to 
a limit-point or a limit-circle. For example in the limit-point case 
+> nih), ame wh(r, A) = O(r, A) +-m(A)p(r, A) (2.4) 
is the unique solution which is of integrable squared-modulus to infinity 
if imA + 0. 
If d(r, A) and #(r, A) are two solutions of (2.1), (2.2), then 
w(A) = Yy(1,A)po(7, A) —yho(r, A) bx, A) (2.5) 

is independent of r [cf. (3.4) of (2)]. In the above case w(A) = 1, but 
it may be convenient to consider functions ¢ and 4% with the same 
general properties but not normalized in this way, for which w(A) is 
not necessarily 1. 
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- 1) = [Fo 


be a given function of L?(0,00), and let 


ue 








Pf $y Fy) dy + HES J Hy NFPy)dy, (2.6) 


where in matrix notation f7 = [ f,,f.] and ¢f7 = ¢,f,+¢2f,. Thus ®, 
like % and ¢, is a two-component function. Consider the integral 


| @(r, A) dd 


along (— R+-18, R+-78), where 5 > 0, and round a semicircle above it. 
Under suitable conditions ®(r,A) ~ f(r)/A for large values of A, and so 
the integral round the semicircle tends to zif(r) as R > oo. If O(r,A) is 
continuous up to the real axis, the expansion formula will therefore be 


O(r,A) = 


“oy im ®(r, A) da. (2.7) 


ab 


If $(r,A) satisfies (2.3), it is real for all real values of r and A. Suppose 
that this is true anyhow. Then, if A is real, 


b,(r, A) 
“we 
yb, (7, A) 
Wy (r, A)¢d,(r, A) —y7,(r, A)d,(r, A) 
cis ae wb, (7, A) x $,(r, A) 
2ilyy(r, A)bo(r,A)—o(r,A)by(7,A) (77, A)ba(r, A)—wa(r, A)Py(r, A) 


. {ho(r, Ap, (r, A)—Ay(r, A)Polr, A)}O(r, A) (2.8) 
2% |w(A) |? 











If A is real, 


£ (alr, A)d,(r, A)—,(r, A)by(r, A)} 
- (qe, + Wapg— Atha) t+-y, (AP, — pp, — hq) — 

— (Ab, — py — Qo), — oq, + uf,—App.) = 0. 
Hence by (r, A)be(r, A)—e(r, Ab, (r, A) = 2io(A) (2.9) 
say, where o(A) is independent of r. In the case where (2.3), (2.4) hold, 
o(A) = —imm(A). Thus 

im Yul" A) _ _ (A) pal, A) 

a ee = ont 
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and similarly with suffix 2. The expansion formula is therefore 


ss ofA) T 
w= = | eave nan f $0.0 (dy (2.11) 


(two components on iit side). 

The spectrum will be continuous over any interval if o(A) is continuous 
and does not vanish in this interval. This implies that w(A) does not 
vanish either. For, if w(A) = 0 for a real value of A, then #,(r, A)/(7, A) 
is real, by (2.5), and so 

2io(A) _th_th_ 9 
WolrsA)|? te Pe 
which implies that o(A) = 0 since %,(r,A) does not vanish identically. 

In other cases ®(r,A) is regular on part of the real axis except at 
certain simple poles, and takes real values between the poles. The poles 
then contribute discrete terms to the expansion formula, and the 
spectrum is said to be discrete over such an interval. 


3. If any of p(r), g(r), and u(r) have non-integrable singularities at 
r = 0, the general process for defining solutions of integrable square is 
as follows. We select some point, say r = 1, and define solutions 4(r, A), 
¢(r,A) such that 
6,(1,A) = 1, 6(1,A)=0, 44(1,A)=0, 4,(1,A)=1. (3.1) 
Let 6(r,A)+/d¢(r, A) be the solution satisfying a real boundary condition 
at r = p, say 
{0,(p, A) +1,(p, A) }cos a+ {8,(p, A) +-1h.{p, A)}sin a = 0. 
As « varies, | describes a circle if imA 4 0. As p > 0, this circle tends 
either to a limit-point or to a limit-circle. In the former case, let (A) 
be the limit-point. Then 
. x(r,A) = O(r, A)+-n(A)d(r, A) (3.2) 
is of integrable squared-modulus if imA #4 0. The function ®(r,A) is 
defined as before but with x(r,A) instead of ¢(r,A), and 
w(A) = m(A)—n(A). (3.3) 
In the cases to be considered later, x(r,A) is real for real values of A, 
and hence so is n(A). Thus 
m(A) : n(A) 
————— = im{ 1] + —_——*_ } = n(A) imi ————_— 
mid) —n(Q) + y= aan} — "Vi oa 


The formula (6.2) of (2), with interval (0,00) instead of (—00, 00), then 
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gives the expansion formula 


i) 


1 . 1 r 
f(r) = = | im| aay *” A) a { x(y, A) f7 (y) dy. (3.4) 
B18 0 


If the solutions are not necessarily normalized by (3.1), we shall have 


mA) = yo(1,A)/f,(1,A), — (A) = X0(1,A)/x(1,A), 
and (3.4) will be replaced by 


at ? 1 \ x(r,A) dd r x(y, A) T(y) d 3 
aa =f inlaw FA J — 








If A is real, 
im hen (1,A) Sei 
#,(1,A) — x4(1,A) 
te 2 (falta) _ lt A (220.0 _ x(t.) 
J ,(1, A) xi(1, A) #,(1, A) xi(1, A) 
__ {1 Abo(1, A)—yo(1, Adya(1, AVEC, A) _ (A) x7(, A) 
2t |yo(1, A)x(1,A)—y,(1, A)x0(1, A) |? |e(A) |? 
if y now replaces ¢ in the definition of w(A). Hence (3.5) gives 

















1 ° (A) 
} |e (A)| 


As before, the alain will be continuous over any interval where 
o(A) is continuous and not zero. 

There will clearly be a general expansion formula, including all the 
above cases, of the form 


fry =* [2 er,ayaa ij x(yA)f7(y) dy. (3.6) 


fir) = | x(r,A)FA)dpQ), (3.7) 
where F() = | x(y,Af7y)dy (3.8) 
0 


and p(A) is a non-decreasing function of A. The corresponding Parseval 
formula will be ae 


[ ifrytdr = [ (FA)? dQ), (3.9) 


where |f |? = f7+/3. For example, in (3.6) 
p'(A) = m*o(A) |w(A)|-*, 
while in the case of a discrete spectrum p(A) is a step-function. 
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4. Existence of solutions of (2.1), (2.2) 

If p(r), g(r), and u(r) are integrable in the neighbourhood of r = 0, 
a solution can be defined as follows. The equations (2.1), (2.2) with % 
replaced by ¢ are equivalent to the integral equations 























$.(r)—$1(0) = | (G¢r-+ub2—Ada) dt, (4.1) 
0 
$o(r)—$,(0) = i} (—pd1—92+Ad,) dt. (4.2) 
Let A and B be given constants, let ¢{(r) = A, ¢{?(r) = B, and, for 


n> 0, 
Bre (r)—A = f (ads?-+-ug—Aggn a 
) 


dfY(r)—B = | (—pd—ady +g”) dt 
Let M = max(|A|,|B|) and — 
J(r) = i} ({p(t)|-+ la(t)| + |u(t)|+ Al) at. 
Then PM(r)—g(r)| < MJ(r) (v= 1,2), 


P(r) —P(r)| = 





fe gi) — $\) + (u—A)(oH — p9)} dt 
0 


r 


<M { (\g\+\ul+lAps@aet 


0 
<M i J'(t)J(t)dt = 4M J%(r), 
0 


and similarly for 4%. So, generally, we get 
_ MJ" 
. id (r) — pi"- Vir)| < — ) 
The iterative process therefore converges we defines solutions with 
given boundary values. 


Next let p(r) and u(r) be integrable but let g(r) = —l/r, where 1 > 3. 
Then (2.1), (2.2) with y instead of ¢ are 


£ Exu(n)} = Alulr) Ayal), (4.3) 





£ xn) = A —plr)}xu(0). (4.4) 












ON THE NATURE OF THE SPECTRUM 


These equations will be satisfied if 
Pyy(r) = | Hu(t)—A}yalt) de, (4.5) 

0 
r-tys(r) = 14 | t{A—plt)}yu(t) dt. (4.6) 


6 
These can be solved by iteration by taking y{°(r) = 7? and 


ry (r) -| #{u(t)—A}x$(¢) dt, 


ry e+D(r) = 14 j t{A— p(t)} x} (t) dt. 


We thus obtain a solution such that x, = O(7r'*), x. = O(7") as r > 0. 
It is the only solution of integrable square (apart from constant factors). 
For, if there were another, say %, and 


w(A) ae f(r, A)xe(r, A)—#,(r, A)xalr, r), 


rw(X) = J {thy(t, A) xo(t, A)—dalt, A)xa(t, A)} dt 


then as r > 0, 


0 of i Walat) +o(ee f J Mat) = O14) 


by the Schwarz inequality. Hence w(A) = 0. 
There is a similar situation if also 
P(r) = polr)—alr, U(r) = Up(r)—a/r, 


where p,(r) and u(r) are integrable and |a| <1. The equations (2.1), 


2.2 
ie a ieiss Xa—ax,/7—lya/7 = (A—Po) xX» 6-7) 


Xitlyy/r+axe/r = (Uo—A)xe- (4.8) 
Hence 


xothy+ (kl—a)xy/r+ (ka—) x9/7 = (A—Po) x1 +&(to—A)X2- 
The left-hand side depends on x,+ky, only if kl—a = k(ka—l), i.e. 


a a? ~ 
Hence 


Xethy x+y (P—a*)(xo+h x1)/7 = (A—Po)x1 t+ hi(to—A) x2 
Xa he xi —a/(P—a*)(x2+ he x1)/7 = (A—Po)xX1 + ho(Uo—A)x2- 
These are of the same form as before with J replaced by ./(/?—«*), and 
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similar results hold. In all these cases x,(r,A) and x,(r,A) are integral 
functions of A for each value of r, and are real when A is real. 


5. We now return to the particular case of the equations (1.1), (1.2). 
Let V(r) be twice differentiable. Expressing , and 3 in terms of ¥, 
by (1.2), and substituting in (1.1), we obtain 


(W—V-me y+ geal i )+ 
c?V’ ‘a 
+ rar mani Sth) = 0 (5.1) 
Let f(r) = (W—V—me?)-2y,, (5.2) 


where the square root is real and positive if W is real and greater than 
V+me*. Then (5.1) gives 











» _ fP+l V’ 1 (W—V)?—m*e4 
WV? c + 
3" Pe. 
+ 7 W—V—mey WV amet) (5.3) 


This can be written as 








C"+{3#?—Q(r)}o = 0, (5.4) 
where 
P+] V’ peat to v2 
pics am wa7=aa;t t 
3V"2 v’ 
eet eed 
and 8 = (W2—m’ct)?/c, 


where the square root is real and positive if W > mc?, and other points 
such that im W > 0 are reached by paths in the upper half-plane. The 


intervals 
(—0oo, —me*), (—mce?,0), (0,mc*), (mc*, oo) 


of the real W-axis correspond to the intervals 
(—o0,0), (0,imc), (ime,0), (0,00) 
in the s-plane. The upper half of the W-plane corresponds to the upper 
half of the s-plane cut along (0, ime). 
Now suppose that V(r), V’(r)/V(r) and V"(r)/V(r) tend to 0 as r > 00, 
rr Vir), (Ver|VOy, VCr)/V (0) 


are absolutely integrable to infinity. Then Q(r) tends to 0 as rc 
and is absolutely integrable over (a, 00) if |V(r)| << |W—me?| for r > a. 





ao Th 
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The equation (5.4) is formally equivalent to the integral equation 


Cir) = eos = | sinfaly—n}QW)EW) dy, (5.5) 
or, if f(r) = e-*"Z(r), to om 
flo) = + | (eo) QUnfndy. (5.6) 


If ims > 0, this can be solved by the usual process of iteration. The 
solution is bounded for r > ro, |s| > 8), and f(r) > 1 as roo. Thus 


C(r) ~ e'* (5.7) 
and so {(r) is exponentially small as r>oo if ims >0. Also, by 
differentiating (5.5), we have 


io) 


t'(r) = iser— [ cos{s(y—r)}Q(y)E(y) dy, 


r 


which gives, as r > 00, C'(r) ~ ise®*, (5.8) 
Since V(r) > 0, V’(r) + 0, the corresponding function ¥,(r) satisfies 

by(r) ~ (W—me?)te*", (5.9) 

U(r) = (W—V—ame?)tL’(r)—4V"(W —V —me?)-4E(r) ~ (W —me*)tise’*, 

(5.10) 

Hence, by (1.2), bo(r) ~ —ics( W —mc?)-%e%*", (5.11) 

6. Let V(r) satisfy the conditions of §5 as roo, and let it be 

integrable down to r = 0, or let V(r) = —ar-1+V(r) where V(r) is 

integrable. 


If W is real and greater than mc?, s is real, and the conjugates of 

(5.9) and (5.11) are 
Par) ~ (W—metyte-*r, g(r) ~ ics( W —mo?) te-ie, 
Hence, asr—>oo, oh, (ror) —o(r)b,(r) ~ ics, 
and so the two sides are equal since the left-hand side is independent 
of r. Thus, in the notation of §§ 2-3, 
o(A) = o(W/c) = cs. (6.1) 

Since this is not zero, it follows that the spectrum is continuous over 
the range W > me?. Similarly it is continuous over W < —me’. 

On the other hand, if —mc? < W < mc’, s is purely imaginary, 
ims > 0. The functions %, and y, tend to 0 as r > 00, and so o(A) = 0. 

Let W = W,+1W, where 

8 << W,<me?—s (8 > 0), —~<W<e. 
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As « > 0, the corresponding region in the s-plane tends to the interval 

ic1(2me?S—8*)?, ——ic-1(m®c—82)2. 
Hence, if ¢ is small enough, the s-region is in the upper half-plane. In 
such a region the process of iteration by which (5.6) is solved converges 
uniformly, and so f(r) = f(r,s) is an analytic function of s. Following 
the analysis through we see that w/(A) is analytic in such a region, and 
so ®(r,A) is meromorphic. It follows from the general theory that its 
singularities are simple poles on the real axis. The spectrum is there- 
fore discrete over the range 0 << W < me’. Similarly it is discrete over 
—mi< W< 0. 


7. The case V(r) > 0, f {V(r)}-1 dr divergent 
In this case we have to make a transformation in order to approxi- 
mate to solutions of (5.3). Let 
K(r) = {W—V(r)}?/c?—m?c?, (7.1) 


E(ry.7) = | {K(w)}t du, ofr) = {K(r)}2L(r), (7.2) 
where K?(r) and K(r) are real and positive if W is real and greater 
than V(r)+mc?, and otherwise are determined by variation along a 
path in the upper half-plane. The equation (5.3) transforms into 


d*y 











de {P(r)—V}n, (7.3) 
~_ 241 1V'(r) 3V'%(r) 
P(r) = aK) {W—V(r)— mer) | HW—V(r) — me) + 
V’(r) K’(r)  5K’%(r) 
+ 2{W—V(r)—me}K(r) ' 4K%(r) 16K %(r)" 
Asr>o, , K(r) > W?/c?—mic?, 


and, if W ~ +me?, 
K'(r) = OfV'(r)}, K"(r) = OfV'"(r)}+O(V'"(r)}. 
Hence P(r){K(r)}? is absolutely integrable to infinity if V’*(r) and |V"(r)| 
are integrable. 
A solution of (7.3) is obtained by solving the integral equation 


n(r) = elton + {sin &(r, u) P(u)(K(w)}ty(u) da (7.4) 


by iteration. As r—> 00, n(r) ~ etferur) (7.5) 
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and &(r1,7) ~ rs (7.6) 
where s is defined as before. Thus 7(r) is exponentially small for large 
rifimW > 0. 
By (7.2), (7.5), and (5.2), as r > 00, 


_ 2' 
wa dma) (7.7) 





It is seen by differentiating (7.4) that the results of formally differentiat- 
ing these asymptotic formulae are valid. Thus 


i (r) ~ A =)" i{K (r) eter) i ‘Greasy ( W2— m2ct)deibru), 








W + mc? c2\W+mc? 
.1/W+me?\} . 
and so, by (1.2), w(r) ~ —icl( tee) ett, (7.8) 


If W > me?, &(r,,r) is real if r, and r are large enough, and, from 
(7.7) and (7.8) and their conjugates, we obtain, as r + 00, 


4(1)bo(r)—Py(r)pa(r) ~ 2ic. 
It follows as before that o(W/c) = c, and we conclude that the spectrum 
is continuous over the range W > mc’, and similarly over W < —mc*, 
If —mc? < W < me?, &(r,,r) is purely imaginary if r, and r are large 
enough, and we find as before that o(W/c) = 0. The same argument as 
before shows that the spectrum is discrete over the interval 


—me* < W < me’. 


8. The case V(r) > 0 asr>o 

We make the same transformation as before, and now, according to 

our conventions, arg{K(r)} > m as r-> oo. Hence, as r > 00, 
r r 
(1,7) ~ -* | {V(u)—W}du = — | V(u)du+ PN), 

The imaginary part of this tends to infinity with r if im W > 0. The 
solution which is of integrable squared-modulus up to infiniy is there- 
fore obtained as before provided that P(r){K (r)}t is integrable. This 
is so if V’*(r)/V3(r) and |V"(r)/V(r)| are integrable to infinity. 

We now have, as 7 > ©, 

C(r) ~ {K(r)}-tet€eru) fw —ich{V (r)}tettrwn, 
(7) ~ chen, (8.1) 
bi(r) ~ chi{K(r) eto)  —ic4V (retro), 


he(r) ~ efy(r)/V(r) ~ —ickettirn, (8.2) 




















238 





E. C. TITCHMARSH 


If W is real and r, and r are large enough, ¢(r,,7) is real, and we obtain 


by (r)ho(r) —po(r)py(r) ~ 20. 
Hence o(W/c) = ¢ for all values of W. It follows that the spectrum is 
continuous over the whole range (—©0, 00). 


9. The case V(r) > 0 asr>0 


If the singular part of V(r) is of the form —a/r, the previous analysis 
applies, but otherwise it is convenient to transform the singularity to 
infinity and use the method of §§ 5-7. Let 

r=y, ry) = yS(y-). 
dt eC dg d*7 
—_ = —— + 2y8_- — 3 _., 
dr dy * y dy Y dy 
Hence on dividing (5.3) by y® we obtain 
Gr (P+l LdVidy _ ae 4. 


Then y 








dy | y® * (W—V—me?y cy 
3(dV /dy)? 3d°V |dy?+-y-* dV /dy 
+ TW —V— me? W—oVe—me (7) «=—((9-2) 
The simplest case is that in which V = ar-? = ay?. Then 
ar {a | Sed an 
dytt lc? M(y) (ry) = 0, (9.2) 


where M(y) = O(y-*) as y > o0. 
Let 6(r, W) and ¢(r, W) be solutions of the original equations with 
given values at a point r, such that 


|W —me?| < min |V(r)}|, 


r<ro 


so that W—V(r)—mc? does not vanish for r < ry. Let 
f(r) = {W—V(r)—me*}*0,(r, W). 


Then the corresponding 7(y) and its derivative have given values, which 
are analytic functions of W, at y = yy = 1/rp. 
Now 7(y) satisfies the integral equation 


r(y) = eos{ “Y= He)} ay) + in| Yel (y,)— 
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and this gives, as y > 00, 


rly) ~ cos| UH) y) + © sin{ “Ye y)— 
Cc a c 
-f sin{ =) a eye) de = P cos(ay/c)+ Qsin(ay/c), 
Yo 
say, where P and Q are analytic functions of W, and are real when 
W is real. Hence, as r—> 0, 


6,(r,W)~ ial(Pcos® +-Qsin =) (9.4) 
cr cr 


As in previous cases the results of formal differentiation are correct, 


so that 3 
ia 


O(r, W) ~ (Ps sin —Qeos =): 


Hence 6(r,W) ~ ial(P sin” — Q cos a) (9.5) 
cr cr 
Similarly, there are analytic functions R = R(W), S = S(W) such that 
$,(r, W) ~ iat(R cos“ 4.Ssin =|, (9.6) 
cr cr 
¢(r,W) ~ ial( Resin — 8.008) (9.7) 
cr cr 


Let 0(r, W)+/d(r, W) be the solution which satisfies a real boundary 
condition at r = p, say 
{0,(e, W)+14,(p, W)}cos «+ {8,(p, W)+1¢s(p, W)}sin a = 0. 
6,(p, W)cos «+-6,(p, W)sin a 
$,(p, W)cos a+¢,(p, W)sin « 
__ Pos{a/(cp)—a}+ Q sin{a/(cp)—a} 
R cos{a/(cp)—a}+ 8S sin{a/(cp)—a}" 
Let « = a/(cp)—f, where f is independent of p. Then, as p > 0, 
PcosB+QsinB 
RceosB+Ssinp 
If W is not real, P, Q, R and S are not real, and, as B varies, m dathn 
a circle, which is therefore the limit-circle. For any given value of £, 
m = m(W) is an analytic function of W, and it is real when W is real. 
It follows that, for any given value of 8, a spectrum is obtained which 
is of the same character, discrete or continuous, as if there were no 
singularity at r = 0. 





Then | 








lo>m= — 


——— 
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10. To obtain asymptotic formulae for solutions of (9.1) in more 
general cases we have to make a transformation of the type used in § 7, 


aaa K(y) = {((W—V)2—m*et}](cty4). 
The result will be of the form 


me yeni | iw at ‘ 


Hence, as r > 0, 
6,(r, W) ~ Pcos{Z(r)}+Q sin{Z(r) 





where Z= ; FY = Lf V(u) du 
cj # c 


and P and Q are analytic functions of W. As r+0, Z(r) > 0, and 
analysis similar to that of § 9 shows that we are in the limit-circle case, 
with a spectrum of the same form as if there were no singularity at 
r= 0. It will be seen that these asymptotic formulae agree with 
Plesset’s, but the conclusion drawn from them is different. 
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